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fun join = “'a tree = ‘a tree = ‘a tree”
lemma “inorder(join t1 t2) = inorder t1 Q inorder t2”
lemma “height(join t1 12) < max (height t1) (height t2) + 17

Exercise 4.2 Enumerate Elements in Interval

‘Write a function to in-order enumerate all elements of a BST in a given interval. Le.,
in_range t u v shall enumerate all elements = with «<z<v. Write a recursive function
that does not descend into nodes that definitely contain no elements in the given range.

fun in_range = “'a::linorder tree = 'a = 'a = 'a list”

Show that you enumerate the right set of elements

lemma “bst t == set (in_range t u v) = {rEset_tree t. u<z A z<v}”

Show that your enumeration is actually in-order

lemma “bst t = in_range t w v = filler (Ax. u<z A x<v) (inorder t)”
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O tut04.thy (~/lehre/FDS/ex/ex04/) I O tuto4.thy (~/lehre/FDS/exfex04/) 7
8 apply (auto split: tree.splits) B L} done [~ =
= done = ad e
3 g g g
g 5 |2 5
& lemma "height (join t1 t2) < max (height t1) (height t2) + 1" z o fun in_range :: "'a::linorder tree = 'a = 'a = 'a list" where 8
@ . . P . = @ - =
T apply (induction t1 t2 rule: join.induct) 2 i "in_range {) u v = [1" 3
X : 5 X . 5
apply (auto split: tree.splits) = | "in_range {1,x,r} u v = undefined" =l
done H& g
= HlE
)i 1 %
= im
end =1 end =S
== ==
o Ll 3 < i
[l Proof state ] Auto update | Update | search: | ~ [roow [+ L& [l Proof state [l Auto update | Update | search: | ~[oo% |+ %]

theorem height (join 7t1.0 ?t2.0) < max (height ?t1.0) (height ?t2.0) + 1 = consts =]

in_range :: "'a tree = 'a = 'a = ‘'a list"
Found termination order: "{}"
< D 1l D
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
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O tut04.thy (~/lehre/FDSfex/ex0d/) = |0 tutod.thy (~/lehre/FDS/exfex04/) o=
| "in_range {1,x,r) u v = =]

fun in_range "'a::linorder tree = 'a = 'a = 'a list" where

"in_range {) u v = []"
| "in_range (1,x,r) u v E undefined"
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lemma "bst t = set (in_range t u v) = { xeset_tree t. u<x A x<v }"
oops

lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)" m

(if u<x then in_range 1 u v else [])
@(if u<x A x<v then [x] else [])
@(if x<v then in_range r u v else [])
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lemma "bst t ;‘rlset (in_range t u v) = { xeset_tree t. u<x A x<v }"
oops

lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)"

[SsuoouL [s3%15 | sobiepis | Ueneazewnsea ] 4 @]

oons &2 oons -]
4] L] 4] 1]
[v] Proof state ] Auto update Update | Search: ‘ | [L00% |w V] Proof state  [v] Auto update Update Search:‘ -[|100% |+
consts =] proof (prove) !
in_range :: "'a tree = 'a = 'a = ‘'a list" goal (1 subgoal):
Found termination order: "{}" 1. bst t = set (in_range t u v) = {x € set_tree t. u < x A x < v}
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<
(B~ | output | query | sledgehammer | symbols
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(2]~ [ output | query |

| symbols
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(if u<x then in_range 1 u v else []) =
@(if u<x A x<v then [x] else [])
@(if x<v then in_range r u v else [])
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lemma "bst t — set (in_range t u v) = { xeset_tree t. u<x A x<v }"

apply (keyword
PS’

Temma — in_range t u v =
oops

filter (Ax. u<x A x<v) (inorder t)" =

[l D]

lemma "bst t = set (in_range t u v) = { xcset_tree t. u<x A x<v
apply (induction t)
apply auto
done
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lemma "bst t =— in_range t u v = filter (Ax. u<x A x<v) (inorder t)"
apply (induction t)

apply auto]]

end

[«

-
< [»]

[SseosuL [ ow3s [pprepis [uomewounsea | « [@]

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«
proof (prove) =]
goal (1 subgoal):

1. bst t — set (in_range t u v) = {x € set_tree t. u < x A x < v}

47

[

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

proof (prove) [2]
goal (4 subgoals): L
1. Atl x2 t2.

[in_range t1 u v = [x—inorder t1 . u < x A X

in_range t2 u v = [x—inhorder t2 . u < x A X

¥xeset_tree t2. x2 < x; x2 < v; - u < x2]

—= [x«—ihorder t1 u<xhAhx<v]=I[]

vl;
v]; bst tl; bst t2; ¥xeset_tree tl. x < x2;

[Ssmoaus 3235 [ppispis [uonewswnoog [ « [@]

e 2. Atl x2 t2. =
‘

<
(o]~ output | query | sledgehammer [ symbols |
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O tut04.thy (~/lehre/FDSfex/ex0d/) - I tut0d.thy (~/lehrefFDS/exfex04/) ]
) Tlemma "bst t — set (in_range t u v) = { x€set_tree t. u<x A x<v }" <] apply (induction t) [~ &
; apply (induction t) % apply auto %
2 apply auto 2 done a
% done g B
T 5:." lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" 53
Tlemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)" i apply (induction t) i
apply (induction t) H apply auto g
apply auto | 5 find_theorems "filter _ _ = [1" || L&
f n
®lend i @lend [
[v] Proof state ] Auto update Update | Search: ‘ | [L00% |w i V] Proof state  [v] Auto update Update Search:‘ -[|100% |+ E
proof (prove) = find_theorems =]
goal (4 subgoals): _| "filter _ _ = [1"
1. Atl x2 t2.
[in_range t1 u v = [x—inorder t1 . u < x A x < vl; found 3 theorem(s):
in_range t2 u v = [x<inorder t2 ., u < x A x < v]; bst t1; bst t2; Vxcset_tree t1. x < x2; « List.filter.simps(1): filter ?P [] = []
‘Yxeset_tree t2. x2 < x; x2 < v; - u < x2] « List.filter_empty_conv: (filter ?P ?xs = []) = (Vxeset ?xs. = ?P x)
— [x+inorder t1 u<xAx<vl=I[] « List.filter_False: Vxeset ?xs. — 7P x — filter ?P 7xs = []
e 2. Atl x2 t2. = =
[l D] il D]
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols |
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O tut04.thy (~/lehre/FDS/ex/ex04/)

| "in_range {1,x,r) u v =
(if u<x then in_range 1 u v else [])
@(if u<x A x<v then [x] else [])
@(if x<v then in_range r u v else [])
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Tlemma "bst t = set (in_range t u v) = { xeset_tree t. u<x A x<v }"
apply (induction t)

apply auto H

I done

[SsisuL [ ow3s [plrepis [uomewounsea | « [@]

lemma "bst t — in_range t u v = filter (\x.
apply (induction t)
apply (auto simp: filter_empty_conv)

u<x A x<v) (inorder t)"

[v]

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

consts
in_range "'a tree =
Found termination order:

‘a = 'a = 'a list"
"(Ap. size (fst p)) <*mlex*s {}"
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(o]~ output | query | sledgehammer [ symbols |
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o 5
~ | Commands Plugins Fayorites : 3 D ' ' Fp— B
= fun in_range :linorder tree = 'a = 'a = 'a list" where
| Path [fhome/lammich/ichre/FDS/ex/en03 S .
swriter [fome | in_range () u v =[]
& | "in_range {1,x,r) uff] =
2 . .
i | B home (if u<x then in_range 1 u ] else [1)
mmich 5

ehre @(if u<x A x<p then [x] else [I)

[Semoeus [e3e35 [ppispis [uonewswnoog [ « [@]

B FDS @(if x<} then in_range r u [ else [])
ex "
[ exo03 L
lemma "bst t — set (in_range t u v) = { xcset_tree t. u<x A x<v } |=
apply (induction t)
‘ ‘ ‘ o apply auto |
~ Name Size Last modified |Stat..| Ty..
2017/04/24 ... Re... D... done
2017/05/08 ... Re... D... =
[F] exo3.thy 8.3 kB 2017/05/09 L... Rea... File Ell ] |ID
[ solo3.thy  3.2kB 2017/05/15 L... Rea... File
[5tutoathy  1.8kB 2017/05/12 L.. Rea... File [] Proof state [#] Auto update | Update |[Search:[  w|ji00% |w
consts =]
in_range "'a tree = 'a = 'a = 'a list"

Found termination order: "(Ap. size (fst p)) <*mlex*> {}"
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] [ BST_Demo.thy (~/lehre/FDS/fds_ss17/Demos/) 12 =} "in_range {) u v = []1" <=
|+] commands Plugins Fayorites |0 ex03.thy (~flehre/FDS/exiex031) = ~ | Commands Plugins Favorites Wi 1 = e
§| Path: [home/lammich/lehre/FDS/exfex04 | - |- i BRI TERENO O] 2 @ Path [fhomefammichichre/FDS/ex/ex0d ~ I in_range Lx,r) uve= 2
2 Fiter: [~ =] = @ Tree.thy (SISABELLE_HOME/sre/HOLILbrary/) 2 27 Fiter; [F~~e] = (if u<x then in_range 1 u v else []) 2
2 [0 tut03.thy (~/lehre/FDS/exfex03/) 3 = N 3
e | tuto4 thy (~/flehre/FDS/exex04/) = 2 @(if u<x A x<v then [x] else []) o
T .’::E;ch fun in_range = Tinorder tree = "a = 'a = 'a list" it T @(if x<v then in_range r u v else []) o

=) 5 5

[ lehre (*<¥) = 9 =

Bros where H g
ex na - " - ex " i - -y
B exos :!.n_range Leaf u v = [] 3 B exoa lemma bs1.: t :— set (in_range t u v) = { xe€set_tree t. u<x A x<v } | |§
| "in_range (Node 1 x r) u v = (o apply (induction t) el
(if ufx then in_range 1 u v else []) ES apply autof L=
@ (if u<x A x<v then [x] else []) El done 1E
‘ ‘ ] @ (if x<v then in_range r u v else []) ] ‘ i = ]
~ Name Size | Last modified [Stat...]Ty. " a ~ Name Size | Last modified [Stat..|Ty.. " : I e — : )
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in_range :: "'a tree = 'a = 'a = 'a list" in_range ‘a tree = 'a = 'a = 'a list"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}" Found termination order: "(Ap. size (fst p)) <*mlex*> {}"
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=8| [] =(e]

|+ commands Plugins Fayorites . . ; ; =] ~ | Commands Plugins Fayorites N ; . . I~
= lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t | [= = lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t | =
@ Path: ‘lhnme/\ammlch/\ehrefFDSJeszxO4 hd . . - E @ Path: ‘/hnme!lammmh/\ehrs]FDstxJEde hd . . - g
g lter; [ ~~#] ~ apply (induction t) a g %) ~ apply (induction t) 8
= ; 3 = : 3
B apply simp g i apply simp z
T i o = i 3
lammich apply clarsimp 5 [ 1ammich apply clarfimp 5

[ lehre apply safe]] = B lehre apply safe =2
EFps 2 FDS @

[ ex e ex mls

ex04 oops . . = ex0d oops X . =

(1] apply (auto simp: filter_empty_conv) 2| (] apply (auto simp: filter_empty_conv) [y

Ao =z PO |~

4] I | vl ] 41 i I Trl oS

E ES

[v] Proof state ] Auto update ‘ Update ‘Ssarch [ [|ook |«||8 [¥] Proof state  [v] Auto update ‘ Update |Search: v”lDD% |v tef

- Name | size | Last modified [stat...]Ty. 2. At x2 t2. BE| aName | size | Last modified [stat..]Ty.. proof (prove) Bl

document
generated

. Re... D...
. D.

Re

[§) exoathy  7.9kB 2017/05/191.. Rea.. File
[5)tutoathy  1.5kB 2017/0519 1... Rea... File

[in_range t1 u v = [x—inorder t1 u<xAx<vl;

in_range t2 u v = [x—inorder t2 u=<x A x <v]; bst t1;

bst t2; ¥xeset_tree tl. x < x2; Vxeset_tree t2. x2 < x; u # x2;
u# x2; x2 <v; -u<x2)

= [1 = [x—inorder t1 . u < x A x < V]

2017/04/24 ... Re... D...
D...
File

Re.

2017/05/15 .

[§] exo4thy 7.9 kB 2017/05/19 1. Rea
[5)tutoathy  1.5kB 2017/05/19 1... Rea... File

goal (1 subgoal):

1. Atl x2 t2.
[in_range tl u v =
in_range t2 u v =
bst t2; Vxeset_tree tl. x < x2; Wxeset_tree t2. x2 < x|

[x—inorder t1 u=<xAx=<vl];

[x—inorder t2 . u < x A x < v]; bst t1;

3. Atl x2 t2. = (Uu=x2 A xX2=v —
[in_range t1 u v = [x<inorder t1 . u < x A x < vl; [vl =
in_range t2 u v = [x<inorder t2 . u < x A x = v]; bst t1; = [x—inorder t1 . v < x A x < v] @ =
Cl 0 DN < DN
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lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t =12 ] lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t (=l
|| commands Plugins Fayorites 1y (inducti _t) - - - ~ | Commands Plugins Favorites 1y (inducti ;) - = -
a induction = aj induction =
g Path: [fhome/lammich/lehre/FDS/ex/ex04 hd PPLY X g §| Path [jhome/lammichylehre/FDS/ex/ex0d ~ PPLy N g
= W Fiter: [1~~#] - apply simp 2 = [ Fiter. [{{*~x] ~ apply simp g2
= i Fl = : 3
H home apply clarsimp Ef = apply clarsimp I £
T thm conjI impI] o = thm conjI impI L
[ lammich J | E )] P s
[E lehre = =
Bros apply safe g apply safe 4
ex 12 ex i
[E ex0a 15 [ ex0a &
oops leal oops [a]
o~ PR T P S FT. PN | g o PSP PO T T POy =]l &
[l 1 I 2 < Il I Y
B ES
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lemma "bst t = in_range t u v =
apply (induction t)

filter (Ax. u<x A x<v) (inorder t
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lemma "bst t = in_range t u v =
apply (induction t)

filter (Ax. u<x A x<v)

~ apply simp
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proof (prove)
goal (1 subgoal):
1. Atl x2 t2.
[in_range t1 u v = [x—inorder t1 u<xAx<vl;
in_range t2 u v = [x<inorder t2 . u < x A x = v]; bst t1;
bst t2; Wxeset_tree tl. x < x2; Vxeset_tree t2. x2 < x|
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[x—inorder t1 . v < x A x < v] @

[eiosuL | ow3s [oprepis [uomewounsea | « [@]

47

D

<
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proof (prove)
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1. Atl x2 t2.
[in_range tl u v =
in_range t2 u v =
bst t2; Vxeset_tree tl. x < x2; Wxeset_tree t2. x2 < x|
= (U=x2 A x2=Vv —
[vl =
[x«—inorder t1 . v < x A x < vl @

[x—inorder t1 u=<xAx=<vl];
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¥l Proof state [l Auta update | Update | Search: | ~|[Loo% [+ [l Proof state [¢] Auto update | Update | search: - roo% [+
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lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t =12 ] lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t |2
|v| commands Plugins Fayorites 1y (inducti _t) - ~ | Commands Plugins Favorites 1y (inducti ;)
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@ apply clarsimp § @ apply clarsimp
@ 2 © ; s
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D . N 3
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lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t |7
apply (induction t)
apply simp
apply clarsimp
apply (intro conjI impI)
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E Commands Plugins Fayorites apply (}nductlon t)

5| Path: [fhome/lammich/ishre/FDS/ex/ex04 ~ apply simp )

: =] < apply clarsimp

5 apply (intro conjI impI)
= apply auto [1

document
generated

. Re... D...
Re... D..

[§) exoathy  7.9kB 2017/05/191.. Rea.. File
[5)tutoathy  1.5kB 2017/0519 1... Rea... File

proof (prove)

goal (11 subgoals):

1. Atl t2.
[in_range t1 v v = [x—inorder t1 v <X AX<vV]
in_range t2 v v = [x<inorder t2 . v < x A x = v]; bst t1;
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[in_range t1 v v =
in_range t2 v v =
bst t2; Wxeset_tree tl. x < v; ¥xeset_tree t2. v < x; u
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[x—inorder t1 v <X AX<V];
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apply (induction t) =N ] lemma "[a] = 11@b#12 — a=b A 11=[] A 12=[]" B
|v| commands Plugins Fayorites apply auto - ~ | Commands Plugins Favorites apply (cases 11) -
g Path: [fhome/lammich/lehre/FDS/ex/ex04 - PPLY = @| Path [home/lammichilehre/FDS/ex/ex04 ~ PPLY =
2 [l Filter: [1[~~#] - done 2 2 Writer -] = apply auto a
@ 3 @ done 3
o h. 3 L} 3
= B lammich lemma "[a] = 11@b#12 — a=b A 11=[] A 12=[]" d: B :

= =3 . . . . )
[ lehre HA 0. by (metis Nil_is_append_conv append_self_conv2 butlast.simps(2) bu | |2]
B ros ©| lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t- § N §
ex ———— o ex " . e : -2
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|»| commands Plugins Fayorites 1 t ps Filt + £2 ~ | Commands Plugins Favorites 1 " i Filt "
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H apply (auto simp: filter_empty_conv) [1 ] i apply (auto simp: filter_empty_conv) [1
= B lammich apply (auto simp: filter_empty_conv) ma £ =) B lammich apply (auto simp: filter_empty_conv) []
[ lehre find_theorems "[_] = _@_#_" =4 B lehre
Ds thm conjI impI alll z FDS find_theorems "[_] = _@_#_"
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proof (prove)

goal (8 subgoals):

1. Atl x2 t2.
[in_range t1 u v =
in_range t2 u v =

[x+1inorder t1 .
[x+—inorder t2 .
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goal (8 subgoals):
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|v| commands Plugins Fayorites . . - - - | Commands Plugins Favorites R N - - -
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= [1 = [x—inorder t1 . u < x A x < vl
72 Atlx2 t2. = =
1] T ] | 4] D]
(2]~ | output | query | Sledgehammer [ symbols | 8| v [ output | Query [ sledgehammer | symbols
|55‘ﬂ4 (1769/1964) lisabelle,isabelle, UTF-B-Isabelle) i o UG I#7S/863MB 1:27 PM‘ ’5—9‘24 (1783/1995) (isabelle,isabelle UTF-8-sabelle) /o UG M 82/847MB  1:27 PM|
ceanO|_ [B| ] | 2]2 24 0: ~/lehre/FDS/exe.. 1 - tut0d.thy INE=NEEE  @aC &Y |1z 3]s 10: ~/lehref Isabelle2016-1 - tut04.thy (modified) ] [:5:27:59]

4 Isabelle2016-1 - tut04.thy (modified) _ax G Isabelle2016-1 - tut04.thy _&x
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
= = P - = = y = s :
DEed@E & 9 ¢ XDE @& * & @ DEBd@E & 9¢ KOO 8@ & & @
PR Y- I=leial 1-] o tut04.thy (~/lehre/FDS/ex/ex04/) [~ - 4 40D BR 11ut04.thy (~/lehre/FDS/ex/ex04/) [~
=l (*by (metis Nil_is_append_conv append_self_conv2 butlast.simps(2) |2
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apply [(intro conjI impI)J|
apply (auto simp: filter_empty_conv)
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Show that your function preserves the search tree property. Hint: An auxiliary lemma

_153,39% v R

print_statement bin_tree2.induct

of the form t#Leaf = del.min t = (z,t") = ... relating sei_tree ¢ and set_tree t" may
Binary trees can be uniquely pretty-printed by emitting a symbol L for a leaf, and a be helpful.
symbol N for a node. Each N is followed by the pretty-prints of the left and right tree.
No additional brackets are required! lemma “[t#Leaf; bst ] = bst (snd (del-min 1))”

datatype ‘a tchar = L | N 'a . .
P ‘ Show that your function returns the first element of the inorder traversal, and a tree

fun pretty = “‘a tree = 'a tchar list” whose inorder traversal corresponds to the tail of the original inorder traversal. Hint:
You may need auxiliary lemmas. Some subgoals may require more forceful methods

S . . . . than auto.
Show that pretty-printing is actually unique, i.e., no two different trees are pretty-printed

the same way. Hint: Auxiliary lemma. Simultaneous induction over both tr

lemma “t#Leaf = delmin t = (x,t')

= case inorder t of (y#ys) = x=y A inorder t’' = ys”
lemma pretty_unique: “pretty t = pretty t' = t=t""
Define a function del_min2 that uses so called continuations: The second argument is

a function which is applied to the result. (i.e. the minimum element and the tree of

Homework 4 Delete Minimum remaining elements)
Do not use del_min for the definition, but define delLmin2 recursively, passing down

Submission until Friday, May 26, 11:59%m. (modified) continuations.

Define a function to return and delete the minimum element from a non-empty BST.
You may omit the equation for the empty tree.
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lemma “[t#Leaf; bst t] == bst (snd (del_min t))” ) .
lemma “t#Leaf = delmin t = (x,t')

Show that your function returns the first element of the inorder traversal, and a tree = case inorder t of (y#ys) = x=y A inorder t’' = ys”
whose inorder traversal corresponds to the tail of the original inorder traversal. Hint:
You may need auxiliary lemmas. Some subgoals may require more foreeful methods
than auto.

Define a function del_min? that uses so called continuations: The second argument is
a function which is applied to the result. (Le. the minimum element and the tree of
remaining elements)

lemma “+Leaf — delmin t = (¢.1") Do not use del_min for the definition, but define delmin2 recursively, passing down

— case inorder t of (y#ys) = w=y A inorder t' = ys” (modified) continuations.

Define a function delmin2 that uses so called continuations: The second argument is
a function which is applied to the result. (i.e. the minimum element and the tree of
remaining elements)

Do not use del_min for the definition, but define del_min2 recursivel:
(modified) continuations.
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