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nctional Data Structures

Exercise Sheet 3

Exercise 3.1 Membership Test with Less Comparisons

In worst case, the isin function performs two comparisons per node. In this exercise, we
want to reduce this to one comparison per node, with the following idea:

One never tests for >, but always goes right if not <. However, one remembers the value
where one should have tested for =, and performs the comparison when a leaf is reached.

fun isin2 ;. “(‘a:linorder) tree = ‘a option = 'a = bool”
— The second parameter stores the value for the deferred comparison

Show that your function is correct.
Hint: Auxiliary lemma for ésin2 t (Some y) = !

lemma isin2_None:
“bst t = isin2 t None
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=) ¥<*) 5 = BT following idea: [~ =
|v| commands Elugins Fayorites =’ Filter: % [+ - —
= 2(theory tmple3 ==~ =|| 17 -
5| Path: hre/fDS/SS18/publicfexercises/ ¥ . . . fUto3.thy 9 5 . . =
2 T ~ s{imports "../Demos/BST_Demo theory trploz 8 2| 15 One never tests for «>>, but always goes right if not «<>, (78
@ 4begin T e rerter) e = oo = 2 & || 19 However, one remembers the value where one should have tested for <«=>, 3
= . i 2 2 . . o
T (*>*) (:ﬂ".ui“}:mn;ai[?;mif;:fm,i,:':? = s 2 i| 2 and performs the comparison when a leaf is reached. oS
Loma “hesgheCjon 01 ) < mme (heighe £ theighe {3 a> 15]
declare join simps(sim del]
Lenma [simpl: "set_tree (join tl t2) = set_tree tl § 22) é
Lenma [simpl: "bst (Node T (x: Linorder) r) b e Wy : v : . "
e e ; 23| fun isin2 ('a::linorder) tree = 'a option = 'a = bool §
sitext {* \ExerciseSheet{3}{27.~4.~2018} *} L L e, e = e 2 — <The second parameter stores the value for the deferred comparison> i
i — datatype direction = L | R = "isi = =N o
D T e G| Rt AL ) slwhere "isin2 Leaf r k = (k: H
[JexoLpdf  129.4k8  2018/047L.. ] Fun valid :: *'a tree = path = bodl* where El 24 =,
ex0zpdf  13L4kB  2018/04/2. fun gt :: "atree = path < 3 tree 2 &
g exoa.:df 115.8kB 20180472, Proof state [¥] Auto update | Update | Search: | ~||100% |+ t:‘m:u;u( l"“;:‘:;u v:\_i\‘:( . Kl w::! : p‘asx:r[:‘ % 27| ) ) %
[l tmploz.thy 7.2 kB 2018/04/2. o Lema get_putlsing]: “put t p (get © p) = 1 = zmftext <Show that your function is correct. 21
D tut0l.thy 1.8 kB 2018/04/1... t!’m wt,vutismni “wt futtps)ps ttp 29|
D tut0z.thy 2.4 kB 2018/04/2.. enma put_getlsiml: “get (put tp sl p ) . L.
Lema valid putlsimgl: "valid (put t p s) p" : |
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Lenma get_appendlsing]: "valid t p — get t (pag) = al> lv|
Lema put_sppendlsim]: “put t (paq) s = spacify_s_me « [»]
Fun bst_remdups_aux :: "'a:iLinorder tree
B e e e Lt roof state [#] Auto update | Update | search: | ~| oo |+
Lema distinct (bst_remiups 1) o 5 2 THr=Ees 0 o
fun sublist +: *'a st = 'a list = bosl* Type unification failed: Clash of types "unit" and "bool
Lemma “sublist (bst_remdups xs) xs"
E2F KNI 1 I D Type error in application: incompatible operand type -
< [v] < D]
4] I I T+ (8]~ [output] query [ sledgehammer [ symbols ‘theory tmpl03 | (@] = [[output | query | [Symbols]
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<

8T [<[12] 8 B[
; 18| One never tests for <>>, but always goes right if not «<>. % ; 18] One never tests for <>>, but always goes right if not <<>. %
21l 19| However, ohe remembers the value where one should have tested for «=>, 5 2l 19| However, one remembers the value where one should have tested for <=>, 5
% 20, and performs the comparison when a leaf is reached. § % 2| and performs the comparison when a leaf is reached. §
E| 2> it Tl 2> 4f
22| i 22 i
2s[fun isin2 :: "('a::linorder) tree = 'a option = 'a = bool" § z|fun isin2 :: "('a::linorder) tree = ‘'a option = 'a = bool" §
24| — <«The second parameter stores the value for the deferred comparison» § 240 — <The second parameter stores the value for the deferred comparison> i
=s|where "isin2 Leaf r k = k=r)" ol slwhere "isin2 Leaf r k = (case r of Some E = E:k | None = False)" (o]
26 3 26| S
27 El 27] El
s{text <Show that your function is correct. :% zltext <Show that your function is correct. Tg

[

DA

Proof state [¥] Auto update

Update | search:

Proof state [¢] Auto update

update | Search:

~| oo [+]

Type unification failed
Type error in application: incompatible operand type

Operator: op =k :: 'a = bool
Operand: r :: 'a option

T |

consts

isin2 :: a tree = 'a option = 'a = bool"
Missing patterns in function definition:
Av va vb b c. isin2 (v, va, vb) b ¢ = undefined
Found termination order: "{}"

Dl |

CHl
|8~ [output | query [ sledgehammer | symbols |

il
(8]~ [output | query | | symbals

[25.25 (598/6285)

(isabelle,isabelle,UTF-8-sabelle) /o UG

21167MB 12:25 PM

[25.41 (715/6319)

(isabelle,isabelle, UTF-8-Isabelle) i ¢

uG

167MB 12:26 PM|
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| tut03.thy (~/lehre/FDS/S518/public/exercises/)

{1

[v]

|

BT1d However, one remembers the value where one should have tested for Bl BT However, one remembers the value where one should have tested for < [~ =
; 201 and performs the comparison when a leaf is reached. =1 % ; 20 and performs the comparison when a leaf is reached. %
% 21/> g g 2> g
a2 g ) e of
o 23fun isin2 :: "(‘'a::linorder) tree = 'a option = 'a = bool" B i o 23)fun isin2 "('a::linorder) tree = 'a option = 'a = bool" z
24| — «The second parameter stores the value for the deferred comparison> El 220 — <«The second parameter stores the value for the deferred comparison> El
a\where "isin2 Leaf r k = (case r of Some a = a=k | NDI’]EI$ False)" § 2jwhere é

26 5 s "isin2 Leaf [j k = (case [] of Some a = a=k | None = False)" 5

27] e z7[| "isin2 (Node 1 )" [a]
2sltext <Show that your function is correct. 3 P 3

29| = 29| E1

20| Hint: Auxiliary lemma for <isin2 t (Some y) x> ! :§ wftext <Show that your function is correct. 7§

3 =

[+]

[v] Proof state  [v] Auto update | Update

consts

isin2 "'a tree = 'a option = 'a = bool"
Missing patterns in function definition:
Av va vb b c. isin2 (v, va, vb) b ¢ = undefined
Found termination order: "{}"

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

DN

Type unification failed: Clash of types "_ = _" and "_ tree"

Type error in application: incompatible operand type

isin2
Node 1

Operator:
Operand:

‘a tree = 'a option = 'a = bool
??7'a => ??'a tree = ?7'a tree

searche [ ~|poo% [+

<

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

25,55 (729/6319)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

i

belle, i

b

b
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26 "isin2 Leaf rem k = (case rem of Some a = a=k | None = False)"
|| "isin2 (Node 1 a r) rem k =M

so/text <Show that your function is correct.

Ssli0suL 33235 | Aopiepis [oneaswnooa | 4[]

<

L} 19, However, one remembers the value where one should have tested for <«=>, |~ ] 19 However, one remembers the value where one should have tested for <=>, e
—| 20 and performs the comparison when a leaf is reached. || 20| and performs the comparison when a leaf is reached.
] b
git > 2/l >
B o
ﬁ 22 ﬁ 22)
T o 22(fun isin2 :: "('a::linorder) tree = 'a option = 'a = bool" o 23 fun isin2 "('a::linorder) tree = ‘'a option = 'a = bool"
24 — <The second parameter stores the value for the deferred comparison: 220 — <The second parameter stores the value for the deferred comparison»
s(where z|where

2| "isin2 Leaf rem k = (case rem of Some a = a=k | None = False)"
z7[| "isin2 (Node 1 a r) rem k = (if k<a then isin2 1 I else )"

wxftext <Show that your function is correct.

[T|

[+

Proof state [¥] Auto update

Update | search:

Inner syntax error: unexpected end of inputa
Failed to parse prop

T |

CHl
|8~ [output | query [ sledgenammer | symbols

Inner syntax errora
Failed to parse prop

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

]

{1
(2]~ [ output | query | | symbals

[Sau0sy1 [ 23535 [piepis [usneruswnooa [ ¢ [@]

[27.33 (779/6361)

(isabelle,isabelle,UTF-8-Isabelle) im0 UG

/1243MB 12:28 PM

[27.52 (798/6388) Input/output complete

man]_ [ 2| |3[731]
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B tut03.thy (~/lehre/FDS/SS18/public/exercises/)

[01tut03.thy (~/lehre/FDS/S518/public/exercises/)

{1

[v]

Clli

ST Bl BT [~ =
; 22| % ; 22} %
2/c 23fun isin2 :: "('a::linorder) tree = 'a option = 'a = bool" 2 2o z3fun isin2 :: “"('a::linorder) tree = ‘'a option = 'a = bool" 2
% 24| — «The second parameter stores the value for the deferred comparison> § % 24/ — «The second parameter stores the value for the deferred comparison> §
|| zs|where 5 i|| zlwhere g
26| "isin2 Leaf rem k = (case rem of Some a = a=k | None = False)" El 26| "isin2 Leaf rem k = (case rem of Some a = a=k | None = False)" 5]
27[] "isin2 (Node 1 a r) rem k = ( H 2| "isin2 (Node 1 a r) rem k = ( g

2| if k<a then isin2 1 rem k B PZ if k<E then isin2 1 rem k B

2] else if J" = 2| else isin2 r (F)] k)" ]

30| % 30} %

kil = al E1
a2ltext <Show that your function is correct. :§ s2{text <Show that your function is correct. 7§

3 F

Iv]

Inner syntax erroro
Failed to parse prop

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

DN

Type unification failed
Type error in application: incompatible operand type

Operator: isin2 r :: 'a option = ‘'a = bool
Operand: a:: 'a

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[29.13 (822/6405)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

13MB 12:30 PM

[29.19 (828/6415)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

37/1267M8 12:31 PM|
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ss|Llemma isin2_None:

7] "bst t = isin2 t None x = isin t x" oops

altext <
21| \Exercise{Height-Preserving In-Order Join}

[H|

[oucouL [swis |soviepis | ueneasewnsoa ] 4 @]

[}

ss[Llemma isin2_None:

37. "bst t = isin2 t None x = isin t x" oops

altext ¢
a| \Exercise{Height-Preserving In-Order Join}

E 30] | S 30| el
[ 31 . 31
% a2ltext <Show that your function is correct. % altext «Show that your function is correct.
E 33 f 33
T 34 Hint: Auxiliary lemma for <isin2 t (Some y) x> ! Z|| aaf Hint: Auxiliary lemma for <isin2 t (Some y) x> !
35(> 35| >

[T|

[Sau0sy1 [ 23235 [3piepis [ueneruswnooa [ ¢ [@)

[+

] Proof state /] Auto update | Update | Search: | v [roon [+

DN

<
(B~ | output | query | sledgehammer | symbols

proof (prove)
goal (1 subgoal):

1. bst t = isin2 t None x = isin t x

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

q

]

[
(2]~ [ output | query |

| symbols

[38.1 (1001/6420)

(isabelle isabelle,UTF-8-Isabelle) /im0 UG

i7/1267MB 12:32 PM

[37.1 (s58/8420)

i

belle. i

bell

UTF-

nroUG - '1/1267MB 12:32 PM]

] [ 2| |3[731]
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0 tut03,thy (~/lzhre/FDS/SS18/public/exercises/) x| |0 tut03.thy (~/lehre/FDS/SS18/public/exercises/) v
BT% and performs the comparison when a leaf is reached. Bl BT I
—IL 21> = —i| 22 ol
] = H . - - E
2|l 22 8 2lo 23 fun isin2 :: "('a::linorder) tree = 'a option = 'a = bool™ 2
s L. - - @ ;

@0 23 fun isin2 :: “"('a::linorder) tree = 'a option = 'a = bool" § ©|| 20 — «The second parameter stores the value for the deferred comparison> §
@ . = @ =
|| 24 — <«The second parameter stores the value for the deferred comparison: 2 || 2slwhere 4
s o 5
as(where = 26| "isin2 Leaf rem k = (case rem of Some a = a=k | None = False)" =4
26 isin2 Leaf rem k = (case rem of Some a = a=k | None = False)" § z7|| "isin2 (Node 1 a r) rem k = ( §
27| sin2 (Node 1 a r) rem k = ( B ) if k<a then isin2 1 rem k B
2| if k<a then isin2 1 rem k (o 2| else isin2 r (Some a) ku" [a]
29| else isin2 r (Some a) K[I" 3 2 3
30| =L 3l =L
3| :éﬂ altext <Show that your function is correct. 7§
=iz =z
Cll [v] Jfe] | [ il
[ Proof state [v] Auto update | Update |Search: [ | [Loo% | [¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+
consts = consts =]
isin2 "'a tree = 'a option = 'a = bool" isin2 a tree = 'a option = 'a = bool"
Found termination order: "(\p. size (fst p)) <*mlex*s {}" Found termination order: "(Ap. size (fst p)) <*mlex*> {}"
[l D < D

[
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[29.28 (837/6420)

(isabelle,isabelle, UTF-8-sabelle) 1 1 ¢

G 3/1267MB 12:33 PM

[29,28 (837/6420)

i

belle, i

b

UTF

0UG  2/1267MB 12:33 PM|
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ss|Lemma isin2_None:

a7l "bst t = isin2 t None k = isin t k"
s apply (induction t)

. apply autof]

altext <

Ssli0sL 33235 | oviepis [oneaswnoa | 4[]

3] = [>] =
31 — 31 =

t a2ltext <Show that your function is correct. t s2{text <«Show that your function is correct.

H L b L

@|| 24 Hint: Auxiliary lemma for <isin2 t (Some y) x> ! =) 34 Hint: Auxiliary lemma for <isin2 t (Some y) x> !

o o

T 35> i© 35| >

sg|Lemma isin2_None:

z[ "bst t = isin2 t None k = isin t k"
s apply (induction t)

x| apply auto]

aftext «

SaliosyL [ 21835 [3biepis | Usneruswnooa [ ¢ [@)

DA

IProof state [#]Auto update | Update | Search:

~|[roox [+]

[7IProof state [¢]Auto update | Update | search:

~| oo [+]

proof (prove)

goal (8 subgoals):

1. Atl x2 t2.
[bst t1; bst t2; ¥xeset_tree tl. x < x2; Vxeset_tree t2. x2 < x; isin2 t1 None k; isin tl1 k;
isin2 t2 None k; x2 < k; - k < x2; isin t2 k]

— isin2 t2 (Some x2) k
o Asq an

T |

isin2 t2 None k; x2 < k; - k < x2; isin t2 k]
— isin2 t2 (Some x2) k
2. Atl t2.
[bst t1; bst t2; Vxeset_tree tl. x < k; VWxeset_tree t2. k < x; isin2 tl None k; isin tl1 k;
isin2 t2 None k; isin t2 k|

— isin2 t2 (Some k) k
2 As1 wn 4o

Dl |

CHl
|8~ [output | query [ sledgehammer | symbols |

41
(8]~ [output | query | | symbals |

[38.13 (1030/6450) (isabelle,isabelle,UTF--Isabelle) 1m0 UG

267MB 12:34 PM

[38.13 (1030/6450) (isabelle isabelle, UTF-8-Isabelle) i o UG

267MB 12:34 PM|

w0l [ 2| |3[731]
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| tut03.thy (~/lehre/FDS/S518/public/exercises/)

Cll

v |

Cll

8T Bl B =
: az|text <Show that your function is correct. % t z[text <Show that your function is correct. %
21| o bEH g/l o 3=
5 3 Hint: Auxiliary lemma for <isin2 t (Some y) x> ! § 3| 2 Hint: Auxiliary lemma for <isin2 t (Some y) x> ! §
% 35> E—‘v % 35> E‘)'
36| i 36) i
37/Lemma H 37{Lemma g
= "bst t — isin2 t (Some a) k = [(Jf 5  "bst t = isin2 t (Some a) k —JJ(isin t k)" 2
39| (o] 39 (o]
s0|Lemma isin2_None: 3 so[Lemma isin2_None: 3
4| "bst t — isin2 t None k = isin t k" El 4| "bst t — isin2 t None k = isin t k" El
42| apply (induction t) :§ 42| apply (induction t) s

Iv]

Inner syntax error: unexpected end of inputa
Failed to parse prop

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

«

DN

proof (prove)

goal (1 subgoal):

1. [bst t; isin2 t (Some a) k] = isin t k
Auto Quickcheck found a counterexample:

t=0
a=a

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

<

DN

[
(o]~ output | query | sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |

[38.35 (981/6494) (isabelle,isabelle, UTF-8-Isabelle) 1 c

G

0/1267MB 12:35 PM

38,32 (978/6502) Input/output complete (isabelle isabelle, UTF-8-Isabelle) (i 1 o UG

1267MB 12:37 PM|
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a

il I~
t a2ltext <Show that your function is correct.
% 33 =
E 24/ Hint: Auxiliary lemma for <isin2 t (Some y) x> !
HIEEB

36

a7{Llemma

= "bst t = isin2 t (Some a) k I(isin t k)"
39|
ao|Lemma isin2_None:

al "bst t = isin2 t None k = isin t k"
4| apply (induction t)

< D]

Ssli0suL 33235 | oviepis [onesswnoa | 4[]

altext «Show that your function is correct.

34 Hint: Auxiliary lemma for c<isin2 t (Some y) x> !

37[Lemma
s "bst t — isin2 t (Some a) k — (iEin tk) "

ag[Lemma isin2_None:
al "bst t = isin2 t None k = isin t k"
42| apply (induction t) =

[l DA

SaliosyL [ 81835 [3biepis | Usneruswnooa [ ¢ @)

CHl ]

IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]
proof (prove) =] proof (prove) =
goal (1 subgoal): goal (1 subgoal):

1. [bst t; isin2 t (Some a) k] — isin t k i 1. bst t — isin2 t (Some a) k = isin t k T
Auto Quickcheck found a counterexample: Auto Quickcheck found a counterexample: L
t=() I t=0
a=a; | a=a |
e — . e — -

{1 D]

|8~ [output | query [ sledgenammer | symbols

(8]~ [output | query | | symbals

[38.31 (977/6501) (isabelle,isabelle,UTF--Isabelle) 1m0 UG 1267MB 12:37 PV

[38.35 (981/6504) (isabelle isabelle, UTF-8-Isabelle) i o UG 87/1266MB 12:38 PM|

ceanQ|_ [B| ] | 2[2]2]4]m
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8 36|

: 37/Lemma

£/l "bst t — isin2 t (Some a) k «— (a=k V isin t k)"
g 39|

|6 soLemma isin2_None:

a| "bst t — isin2 t None k = isin t k[JJ
42| apply (induction t)
43 apply auto

il D]

36) =
37[Lemma

3 "bst t = isin2 t (Some a) k «— (a=k Vv isin t k)"
39.

4o[Lemma isin2_None:

4| "bst t — isin2 t None k = isin t k"

42| apply (induction t)

43| apply auto

File Browser | 4 | B

il [+]

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«
proof (prove) =
goal (1 subgoal):

1. bst t — isin2 t (Some a) k = (a = k v isin t k)
Auto Quickcheck found a counterexample:

t= (0., a ()

a=a

k = a;
Evaluated terms:

isin2 t (Some a) k = False

[sosuL ] sw3s [plrepis [uomewaunsoa | « [@]

DN

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

proof (prove) =]
goal (8 subgoals): L
1. Atl x2 t2.

[[bst t1; bst t2; Wxeset_tree tl. x < x2; Wxeset_tree t2. x2 < x; isin2 t1 None k; isin t1 k;

isin2 t2 None k; x2 < k; — k < x2; isin t2 k]

= isin2 t2 (Some x2) k
2. Atl t2.

[bst t1; bst t2; ¥xeset_tree tl. x < k; ¥xeset_tree t2. k < x; isin2 t1 None k; isin t1 k;

isin2 t2 None k; isin t2 k]

[seH0eus [ 3835 [ppispis [uonewawnoog [ « []

DN

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

|41,38 (1053/8508)

(isabelle,isabelle, UTF-g4sabelle) im0 UG /1266MB 12:40 PM

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsahelle2017—(uma.lhy

[39.1 (997/6508) a

debian(D| _ |y &) 1|z 3| 4 | @ lammich@lapnipkow10: ~flehre/FDS5/551... | 3 Isabelle2017 - tut03.thy
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0 tut03.thy (~/lehre/FDS/SS18/public/exercises/) - 0 tut03.thy (~/lehrefFDs/SS18/public/exercises/) -

E 34 Hint: Auxiliary lemma for <isin2 t (Some y) x> ! :% S 35| > i%
5 35> - E 5 36) E
21 a5 2 £ o z7[Lemma 2
% 37|lemma § % a8 "bst t — Wxeset_tree t. a<x — isin2 t (Some a) k — (a=k Vv isin t k)" §
|| 3 "bst t — Vxcset_tree t. a<x — isin2 t (Some a) k «— (a=k V isin t k)" B ||| 9l g
39. i 40| i
a|Lemma isin2_None: H @ g
a[ "bst t = isin2 t None k = isin t k" H allemma isin2_None: F
| apply (induction t) =iy 43| "bst t = isin2 t None k = isin t k" e
a i [ —— Y |
¥ Proof state [ Auto update | Update | search: | v [roo% [+] g [7IProof state [¢]Auto update | Update | search: ~| oo [+ g
proof (prove) :é proof (prove) 7i
goal (1 subgoal): goal (1 subgoal):
1. [bst t; Vxeset_tree t. a < x| — isin2 t (Some a) k = (a = k V isin t k) 1. [bst t; V¥xeset_tree t. a < x| = isin2 t (Some a) k = (a = k v isin t k)
i D | q DL
(B[~ | output | Query | Sledgehammer | symbols (2]~ [ output | query | | symbals
|39‘1 (1018/6529) (isabelle,isabelle,UTF-8-Isabelle) im0 UG 266MB 12:41 PM‘ ‘39‘3 (1020/6535) lisabelle isabelle, UTF. [ nroUG B66MB 12:43 PM|
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B tut03.thy (~/zhre/FDS/SS18/public/exercises/) x| |0 tut03.thy (~/lehre/FDS/SS18/public/exercises/) ]
ST Bl B I sflemma isin2_None: [~ =
—| 38 =l =il 25| "bst t = isin2 t None k = isin t k" =1
3 @ . . H
2o 37|Llemma 8 2| a8l apply (induction t) =8
5 L. — & .
a|| 3 "bst t — Vxeset_tree t. a<x — isin2 t (Some a) k «— (a=k V isin t k)" § 5| 471 apply (auto simp: aux) §
2 =l © E
|| 39 2 i)l 5] done 4

5 5
40 = 49. 21
e »
41 g 50} %
s2/Llemma isin2_None: B siftext « B
43| bst t — isin2 t None k = isin t k" (o s2l \Exercise{Height-Preserving In-Order Join} iy
- PP .- . hal(h7) P - . P - . - - Ad ¥y
< D o < Ir] T
e 3
[ Proof state [] Auto update | Update | Search: | ~||too% | g [¥] Proof state [¢] Auto update | Update | Search: | ~|[1o0% [+ g
proof (prove) =1 theorem isin2_None: bst ?t — isin2 ?t None ?k = isin ?t 7k =1 F|
goal (1 subgoal):
1. [[bst t; Vxeset_tree t. a < x]] — isin2 t (Some a) k = (a = k v isin t k)
< D 1l D

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

|39‘7 (1024/6539) (isabelle isabelle,UTF-8-/sabelle) 1 1 66MB 12:43 PM ‘49‘1 (1193/6612) (isabelle,isabelle, UTF. 1l oUG 67MB 12:45 PM|

G
e

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsahelle2017—(uma.lhy(modiﬁed)
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4

agl done

a5 "bst t = isin2 t None k =
a6 apply (induction t)
471 apply (auto simp: aux)

isin t k"

[H|

ill

s|text <Show that your function
33

3| Hint: Auxiliary lemma for <isin2 t (Some y) x> !

is correct.

BT apply auto = BT "isin2 Leaf rem k = (case rem of Some a = a=k | None = False)" =l
t 41 done t z7|| "isin2 (Node 1 a r) rem k = ( =
g 2| % 2} if k<a then isin2 1 rem k [
s e | 5| 2 else isin2 r (Some a) k)"

T o a4lemma isin2_None: Z|| aof

4]

[+

IProof state [#]Auto update | Update | Search:

Proof state [¢] Auto update

update | Search:

~| oo [+

theorem isin2_None: bst ?t = isin2 ?t None ?k = isin 7t ?k

[SsuoauL ] a5 |soviepis | Ueneasewnsoa ] 4 @]

DN

consts
isin2 :: a tree = 'a option = 'a = bool"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}"

[sau0syL [ 2335 [3piepis [ usneruswnooa [ ¢ [@]

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[43.1 (1082/6612)

(isabelle isabelle,UTF-8-Isabelle) /im0 UG

67MB 12:45 PM

[31.1 (842/6612)

i

belle. i

belle, UTF belle)Im o UG  65/1267MB 12:48 PM|

man]_ [ 2| |3[Fs1]

|2 ex03 pdf

0: ~/lehre/FDS/SSL....

7 - tut03.thy

203,54% v R =

Euvnunlon 29 Uaicls n
cebanQ|_ | B | [T 23] 4] jmlammich@lapnipkow10: ~/ehre/fs/s51...| < lex0s. paf

Exercise Sheet 3

Exercise 3.1 Membership Test with Less Comparisons

In worst case, the isin function performs two comparisons per node. In this exercise, we
want to reduce this to one comparison per node, with the following idea:

One never tests for >, but always goes right if not <. However, one remembers the value
where one should have tested for =, and performs the comparison when a leaf is reached.
fun isin2 :: “(‘a:linorder) tree = 'a option = 'a = bool”

— The second parameter stores the value for the deferred comparison

Show that your function is correct.

Hint: Auxiliary lemma for isin2 t (Some y) = !

lemma isin2_None:

“bst t = isin2 t None x = isin tz”

[ PP Y R o WO DAV P

denian(O| _ |y & 1|2 3| 4 | @mlammich@Iapnipkow10: ~flehre/FDS/SS1.
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[01tut03.thy (~/lehre/FDS/S518/public/exercises/)

s2l \Exercise{Height-Preserving In-Order Join}
ssf Write a function that joins two binary trees such that

B apply (induction t) =]
= 4 apply (auto simp: aux)
2l 4g done =
% 49)
||| so

51ﬂext <

ssf = The in-order traversal of the new tree is the concatenation of the in-order

traversals of the original

ll I

[ [+]

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

[Ssu0s0s | 135 [ontepis [uomemwnsoa [ « | @)

DN

|
(2]~ [ output | query [ | symbols |

[51.1 (1201/6612)

(isabelle,:

belle,UTF-8-lsabelle) [ o UG 1267MB 1:09 PM|
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Bl aftext < [<]124 BT aftext « ==Y
; szl \Exercise{Height-Preserving In-Order Join} % ; s2| \Exercise{Height-Preserving In-Order Join} %
2| =3 Write a function that joins two binary trees such that 2 2| =3 Write a function that joins two binary trees such that a
E s4 m The in-order traversal of the new tree is the concatenation of the in-order traversals of the original § f sJf = The in-order traversal of the new tree is the concatenation of the in-order traversals of the original §
T | ss| = The new tree is at most one higher than the highest original tree *ﬂg T| s| = The new tree is at most one higher than the highest original tree ;fg
56 m= Ee =
s71 Hint: Once you got the function right, proofs are easy! § s;1 Hint: Once you got the function right, proofs are easy! §
sg)> H sg|> F
sof fun join :: "'a tree = 'a tree = 'a tree" (o] s fun join :: "'a tree = 'a tree = 'a tree" [a]
so| where 3 so| where S
e "join Leaf t = t" El e "join Leaf t = t" El
s2{| "join t Leaf = t" E s2| "join t Leaf = t" s
53| "join (Node 11 al r1) (Node 12 a2 r2) = [ndefined" e &l "join (Node 11 al r1) (Node 12 a2 r2) = [ndefined" 2]
&4 64)
ss|Llemma join_inorder[simpl: "inorder(join tl1 t2) = inorder t1 @ inorder t2" ss|Llemma join_inorder[simpl: "inorder(join t1 t2) = inorder t1 @ inorder t2"
66| oops e8| oops
67| 67) =
“‘ ! — S - — S l\l\. — — I [»] ] 1“ " - S— - - ———— IHII — — I "‘7
IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]

consts

ME‘

‘ consts
i

M‘i‘

<
(B~ | output | query | sledgehammer | symbols

[
(2]~ [ output | query |

| symbols

[63.43 (1688/6682) (isabelle, isabelle, UTF-B-Isabelle) (i o UG /1267MB 1:11 PM [63.43 (1688/6682) (isabelle,isabelle, UTF-8-Isabelle) [/ o UG 1267MB 1:13 PM|
seen®[_ [T 2] | 2]2] 3]+ ] mammic 0: ~/lehre/FDS/SS1.. 7 -tuto3.thy (=N enC| [T Q] |17 2@ 10: ~flehre/FDS/S51... [ Isabelle2017 - tut03.thy [ Js:25:55]
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O tut03.thy (~/lehre/FDS/SS18/public/exercises/) ‘v I O tuto3.thy (~/lehre/FDS/SS18/public/exercises/) |v 7
BT wWrite a function that joins two binary trees such that B BT5 Write a function that joins two binary trees such that [~ =
; ss) m The in-order traversal of the new tree is the concatenation of the in-order traversals of the original % ; ssf ® The in-order traversal of the new tree is the concatenation of the in-order traversals of the original %
gl s m The new tree is at most one higher than the highest original tree g I The new tree is at most one higher than the highest original tree g
i S| g 2 S| 5
T | 571 Hint: Once you got the function right, proofs are easy! EE i|l s71 Hint: Once you got the function right, proofs are easy! =2
sg| > = sg| > =
so/fun join :: "'a tree = 'a tree = 'a tree" § soffun join :: "'a tree = 'a tree = 'a tree" %
60| where B 6| where B
6| "join Leaf t = t" (o g "join Leaf t = t" [o]
62| "join t Leaf = t" & 62| "join t Leaf = t" S
53| "join (Node 11 al rl1) (Node 12 a2 r2) = ( = 53| "join (Node 11 al rl) (Node 12 a2 r2) = I e
64 case join rl 12 of 8 &4 case join rl 12 of 8
&5) Leaf = undefinedl i &) Leaf = Node rl al (Node Leaf a2 r2) ﬂ
66| | Node 1 a r = undefined)" 66| | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2)
&7| &7)
sg|lemma join_inorder[simp]: "inorder(join tl1 t2) = inorder tl1 @ inorder t2" es|lemma join_inorder[simp]: "inorder(join tl1 t2) = inorder tl1 @ inorder t2"
ss| oo0ps | s| oops =
41 Il I D al i I Tl ]
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+

consts

\'\|§|

‘ consts

1l

M‘q

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |

[65.25 (1740/6758)

(isabelle,isabelle, UTF-8-Isabelle)iim ro UG

1267MB 1:15 PM

63,44 (1689/6804)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

7/1219MB 1:16 PM|
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8T Hint: once you got the function right, proofs are easy!
—l s>

§ so/fun join :: "'a tree = ‘'a tree = 'a tree"

% sof where

g "join Leaf t = t"
"join t Leaf = t"
"join (Node 11 al r1) (Node 12 a2 r2) = (

a o
8 8

64 case join rl 12 of

65| Leaf = Node 11 al (Node Leaf a2 r2)

66| | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2))"
&7|

ss{lemma join_inorder[simpl: "inorder(join tl1 t2) = inorder t1 @ inorder t2"

&9

70| apply (keyword)

71|lemma "height(join t1 t2) < max (height t1) (height t2) + 1"
72| oops

73|

[SsuoouL [swis [ooorep

¥ Praof state ] Auto update | Update | search | | [roo [+]

proof (prove)

63| "join (Node 11 al rl) (Node 12 a2 r2) = (

&4 case join rl 12 of
e5| Leaf = Node 11 al (Node Leaf a2 r2)
66| | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2))"

sl apply (induction t1 t2 rule: join.induct)
7| apply autocl]

72{lemma "height(join t1 t2) < max (height t1) (height t2) + 1"
73| oops

ss|lemma join_inorder[simp]: "inorder(join tl1 t2) = inorder tl1 @ inorder t2"

D

Cll

Iv]

[s8u0sy1 [ 23535 [biepis [usneruswnooa [ ¢ [@)

proof (prove)
goal (1 subgoal):
1. A1l al r1 12 a2 r2.
inorder (join rl 12) = inorder rl1 @ inorder 12 —

inorder 11 @ al # inorder rl1 @ inorder 12 @ a2 # inorder r2

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

inorder (case join r1 12 of () = (11, a1, ({}, a2, r2)) | (1, a, r) = ((11, a1, 1), a, (r, a2, r2))) =

Dl |

CHl
|8~ [output | query [ sledgenammer | symbols

{1
(8]~ [output | query | | symbals |

[69.7 (1902/6804) (isabelle isabelle, UTF--Isabelle) im0 UG 1219MB 1:17 PM

[70.13 (1952/6854)

(isabelle,isabelle,UTF-8-Isabelle) im0 UG

8/1193MB 1:18 PM|
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es/Llemma join_inorder[simpl: "inorder(join tl t2) = inorder tl @ inorder t2"
gs) apply (induction tl t2 rule: join.induct)
7 apply Buto

72/Lemma “"height(join tl1 t2) < max (height tl) (height t2) + 1"
73l oops

4]

<

[SsosuL [ ow3s [oepis | uome

BT&| "join (Node 11 al r1) (Node 12 a2 r2) = ( BT "join (Node 11 al r1) (Node 12 a2 r2) = ( B
=~ | & case join rl 12 of ~| o case join rl 12 of

gl o Leaf = Node 11 al (Node Leaf a2 r2) 2l o Leaf = Node 11 al (Node Leaf a2 r2)

% 66| | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2))" % 66 | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2))" =
= 67| = 67)

69 apply (induction t1 t2 rule: join.induct)
70| apply (auto split:ltree.splits)

72{lemma "height(join tl t2) < max (height t1) (height t2) + 1"
73] oops

ee|Llemma join_inorder[simpl: "inorder(join t1 t2) = inorder tl @ inorder t2"

[l

[Ssu0s s [=3e35 [ontepis [uomewmwnoa [ ¢ | B)

[»]

¥ Praof state ] Auto update | Update | search | ~[roo% [+

Proof state [v] Auto update

| [roo |+]

proof (prove)

goal (1 subgoal):

1. A1l al rl1 12 a2 r2.
inorder (join rl 12) = inorder rl @ inorder 12 —
inorder (case join rl 12 of () = (11, al, {{), a2, r2)) | (1, a, r) = (11, al, 1), a, (r, a2, r2)))
inorder 11 @ al # inorder rl @ inorder 12 @ a2 # inorder r2

proof (prove)
goal:
No subgoals!

DN

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[70.9 (1948/6854) (isabelle isabelle, UTF-8-Isabelle) (im0 UG 2/1193M8 1:18 PM

[70.21 (1960/6875)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

1193ME 1:19 PM]
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0 tut03.thy (~/lehre/FDS/SS18/public/exercises/)

0 tut03.thy (~/lehre/FDS/SS18/public/exercises/)

eg|lemma join_inorder[simp]: "inorder(join tl1 t2) = inorder tl1 @ inorder t2"
ss) apply (induction t1 t2 rule: join.induct)
by (auto split: tree.splits)

File Browser | 4 | B
=
=}

72llemma "height(join t1 t2) < max (height t1)
73 apply (induction t1 t2 rule: join.induct)
72 by (auto split: tree.splits)

(height t2) + 1"

ss{text <
771 \Exercise{Implement Delete}
78) Implement delete using the <join> function from last exercise.

[v]

63| "join (Node 11 al rl) (Node 12 a2 r2) = (

&4 case join rl 12 of
e5| Leaf = Node rl al (Node Leaf a2 r2)
66| | Node 1 a r = Nade (Node 11 al 1) a (Node r a2 r2))"

es|lemma join_inorder[simp]: "inorder(join tl1 t2) =
s apply (induction t1 t2 rule: join.induct)
70| by (auto split: tree.splits)

inorder t1 @ inorder t2"

72{lemma "height(join t1 t2) < max (height t1)
73l apply (induction t1 t2 rule: join.induct)

(height t2) + 1"

74 ‘bv (auto split: tree.splits)
1

Iv]

[S5ussuL a5 |soviepis | Ueneasewnsoa ] 4 @]

[s8u0sy1 [ 23535 [biepis [usneruswnooa [ ¢ [@)

theorem height (join ?t1.0 ?t2.0) < max (height ?t1.0) (height ?t2.0) + 1

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

D]

theorem join_inorder: inorder (join ?t1.0 ?t2.0) =
Failed to finish proofa:

goal (1 subgoal):

1. AlL. 11 = ()

inorder ?t1.0 @ inorder ?t2.0

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

Dl |

<
(B~ | output | query | sledgehammer | symbols

{1
(8]~ [output | query |

| symbols
|75‘1 (2108/6840) lisabelle isabelle, UTF-8-Isabelle) I o UG 193MB 1:20 PM\ ‘55‘22 (1782/6940) (isabelle,isabelle,UTF-8-Isabelle) im0 UG 13MB 1:20 PM|
debian(0| _ |Ty| = 1 | 2 3(4|@ 0: ~flehre/FDs/ssl...[ & 7 - tut03.thy debian®|_ || 1 | 2 3| 4| @miammich@lapnipkow10: ~flehre/FDS/551... [ Isabelle2017 - tuto3.thy
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B tut03.thy (~/lehre/FDS/SS18/public/exercises/)

[01tut03.thy (~/lehre/FDS/S518/public/exercises/)

BT6] where

—| & "join Leaf t = t"

¢ g2{| "join t Leaf = t"

5 3| "join (Node 11 al r1) (Node 12 a2 r2) = (

Z)| o case join rl 12 of
5| Leaf = Node l1fJlal (Node Leaf a2 r2)
66 | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2))"
67|

esLlemma join_inorder[simp]l: "inorder(join tl t2) = inorder tl @ inorder t2"
gs) apply (induction tl t2 rule: join.induct)
70| by (auto split: tree.splits)

<

ssllemma join_inorder[simpl: "inorder(join t1 t2) =
s apply (induction t1 t2 rule: join.induct)
70| by (auto split: tree.splits)

inorder t1 @ inorder t2"

File Browser | 4 | B

72{Llemma "height(join t1 t2) < max (height t1)
79l apply (induction tl1 t2 rule: join.induct)
740 by (auto split: tree.splits)

(height t2) + 1"

re[text <
771 \Exercise{Implement Delete}
78| Implement delete using the <join> function from last exercise.

[»]

[S5osuL [ ow3s [obrepis [uomeweunsea | « [@]

[Ss10a s [=3e35 [ontepis [uomeswnoa [ € | B)

¥ Praof state ] Auto update | Update | search | ~][oow [+] [7IProof state [¢]Auto update | Update | search: v| oo [+
consts =l theorem height (join 7t1.0 ?t2.0) < max (height ?t1.0) (height 7t2.0) + 1 =]
join :: "'a tree = 'a tree = 'a tree"
Found termination order: "(Ap. size (snd p)) <*mlex*> {}"
< D] 1l D
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|55‘23 (1738/6940) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 51/1170MB UPM‘ ‘75‘1 (2108/6940) (isabelle isabelle, UTF-8-sabelle) im0 UG 01/1170ME 1:23 PMl
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0 tut03.thy (~/lehre/FDS/SS18/public/exercises/)

eg|lemma join_inorder[simp]: "inorder(join tl1 t2) = inorder tl1 @ inorder t2"
ss) apply (induction t1 t2 rule: join.induct)
by (auto split: tree.splits)

File Browser | 4 | B
=
=}

72llemma "height(join t1 t2) < max (height t1)
73 apply (induction t1 t2 rule: join.induct)
72 by (auto split: tree.splits)

(height t2) + 1"

ss{text <
771 \Exercise{Implement Delete}
78) Implement delete using the <join> function from last exercise.

a|text <Note: At this point, we are not interested in the implementation details

g2 of join any more, but just in its specification, i.e., what it does to trees.

gl Thus, as first step, we declare its equations to not being automatically unfol
B4 >

85|

ded.

ss|declare join.simps[simp dell

41

[+

[SsuioouL [swis |sviepis | Ueneasewnsoa ] 4 @]

eg/lemma join_inorder[simp]: "inorder(join tl1 t2) = inorder tl @ inorder t2" e
ss| apply (induction tl1 t2 rule: join.induct)

70| by (auto split: tree.splits)

77llemma "height(join t1 t2) < max (height t1)
7| apply (induction tl1 t2 rule: join.induct)
7 by (auto split: tree.splits)

(height t2) + 1*

7etext <
771 \Exercise{Implement Delete}
7¢f Implement delete using the <join» function from last exercise.

[Sau0syL [ 23535 [piepis [usneruswnooa [ ¢ [@)

a1ﬂext <Note: At this point, we are not interested in the implementation details
g2 of join any more, but just in its specification, i.e., what it does to trees.
gl Thus, as first step, we declare its equations to not being automatically unfolded.

ssldeclare join.simps[simp dell

Kl Iv]

] Proof state /] Auto update | Update | Search: | v [roon [+

[B]~ | output | query [ sledgehammer | symbols

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

(2]~ [ output | query [

| symbols

|75‘1 (2108/6840) lisabelle isabelle, UTF-8-Isabelle) I o UG 6/1170MB 1:23 PM‘ ‘El‘l (2216/6940) (isabelle isabelle UTF-8-Isabelle)mr o UG 2/1170MB 1:24 PM|
debian(0| _ | T, El_lf:s 4| @ 0: —/\ehreJrDsfssl...'.gg 7 - tut03.thy debian(®|_ %E‘Jfﬂﬂ u\ammich@lapmpkowln:—-l\ehre‘JFDSJSSl...Iﬁjlsahellez(!u—lutﬂS.lhy
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O tut03.thy (~/lehre/FDS/SS18/public/exercises/) I O tuto3.thy (~/lehre/FDS/SS18/public/exercises/) 7
8 Ts "join Leaf t = t" Bl BT Leaf = Node 11 al (Node Leaf a2 r2) [~ =
; g2{| "join t Leaf = t" % ; 66} | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2))" %
2/ 63| "join (Node 11 al rl1) (Node 12 a2 r2) = ( 8 2l o7 2
% 64 case join rl 12 of § % sgLemma join_inorder[simpl: "inorder(join t1l t2) = inorder tl @ inorder t2" §
)| el Leaf = Node 11 al (Node Leaf a2 r2) 5 il g apply (induction t1 t2 rule: join.induct) 5

66 | Node 1 a r = Node (Node 11 al 1) a (Node r a2 r2))" El 7| by (auto split: tree.splits) El

ss/Llemma join_inorder[simp]l: "inorder(join tl t2) = inorder tl @ inorder t2"
gs) apply (induction tl t2 rule: join.induct)
70, by (auto split: tree.splits)

72llemma "height(join t1 t2) < max (height t1)
73] apply (induction t1 t2 rule: join.induct)
74/ by (auto split: tree.splits)

(height t2) + 1"

sl dext <
771 \Exercise{Implement Delete}
78) Implement delete using the <join> function from last exercise.

[SesuL[owss [ommen

72{lemma "height(join tl t2) < max (height t1)
73 apply (induction t1 t2 rule: join.induct)
740 by (auto split: tree.splits)

(height t2) + 1"

7etext «
771 \Exercise{Implement Delete}
78| Implement delete using the <join> function from last exercise.

| 0 B

aftext <Note: At this point, we are not interested in the implementation details
e of join any more, but just in its specification, i.e., what it does to trees.
gl Thus, as first step, we declare its equations to not being automatically unfolded.

(| Dl ]

Proof state (] Auto update | Update

| search |

~][oow [+]

(2]~ output | query | sledgehammer [ symbols |

| [roo |+]

WlProot state 7l auto update | Update | search: |

(2]~ [ output | query [ | symbols |

belle,

belle, UTF-8-Isabelle) rm 1 o

UG

1170MB 1:26 PM

[80.1 (2215/6940) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 1170ME 1:26 PM

[76.1 (2109/6940) a
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| tut03.thy (~/lehre/FDS/SS18/public/exercises/) - I tut03.thy (~/lehre/FDS/SS18/public/exercises/) v
BT Bl BT gfthm join.simps B[
; o % ; &7 %
2/o gi|text <Note: At this point, we are not interested in the implementation details 2 2|| ggldeclare join.simps[simp del] a
% g2l of join any more, but just in its specification, i.e., what it does to trees. § % g9 §
T | gaf Thus, as first step, we declare its equations to not being automatically unfolded. g | ooftext <Both, c<set_tree> and <bst> can be expressed by the inorder traversal over trees:> E{Z

84l > i a1 _i
&) H sothm set_inorder[symmetric] bst_iff_sorted_wrt_less|] g
ss|thm join.simps H o3 F
87| (o] saftext <Note: As @{thm [source] set_inorder} is declared as simp. [a]
ss{declare join.simpsEFimp de'l]l & os| Be careful not to have both directions of the lemma in the simpset at the S
89| El s same time, otherwise the simplifier is likely to loop. El
ao|text <Both, <set_tree> and <bst> can be expressed by the inorder traversal over trees:: SiE o7 BE
| o & <] v |@

[ Proof state [v] Auto update | Update |Search: [ | [Loo% | [¥] Proof state [#] Auto update | Update |Search: [ v|[oo% |+

| » set_tree 7t = set (inorder 7t) |

» bst 7t = sorted_wrt op < (inhorder ?t)

< D] il D]

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
88,29 (2508/6956) lisabelle isabelle, UTF-8-Isabelle) I o UG OMB 1:27 PM‘ ‘92‘51 (2649/6956) (isabelle,isabelle UTF-8-Isabelle) /o UG 76/1147MB 1:28 PM|

man]_ [ 2| |3[F3]]
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M tut03.thy (~/lehre/FDS/SS18/public/exercises/) v B tut03.thy (~/lehre/FDS/SS18/public/exercises/) v
2 T aqthn join.simps B 2T athm join.simps [~ =
—| 87| = —| & El
3 L . . T i . .
2| galdeclare join.simps[simp dell 2 2| ggdeclare join.simps[simp dell 2
5 5
IS 2 el = e
T | goftext <Both, <«set_tree> and <bst> can be expressed by the inorder traversal over trees:> =2 ii| oftext <Both, c¢set_tree> and <bst> can be expressed by the inorder traversal over trees:> e
_— 5 —_— 5
a = al 21
gz/thm set_inorﬁer[symmetric] bst_iff_sorted_wrt_less § g2{thm set_inorder[symmetric] bst_iff_sorted_wrt_less %
93] B 53 B
g4ltext <Note: As @{thm [source] set_inorder} is declared as simp. (o sqltext <Note: As @{thm [source] set_inorder} is declared as simp. [o]
o5 Be careful not to have both directions of the lemma in the simpset at the 3 os| Be careful not to have both directions of the lemma in the simpset at the 3
o5 same time, otherwise the simplifier is likely to loop. = 95| same time, otherwise the simplifier is likely to loop. e
97] = 5 o7 = 5
Cl D < &
IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~|[200%
. set_tree ?t = set (inorder ?t) = =]
« bst ?t = sorted_wrt op < (inorder ?t)
<« D 1l D
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|92‘13(251115955) (isabelle,isabelle, UTF-8-Isabelle)/imro UG .09/1147MB 1:29 PM‘ ‘93‘1 (2650/6956) (isabelle isabelle, UTF-8-sabelle) im0 UG /1147MB 1:30 PM|
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| tut03.thy (~/lehre/FDS/SS18/public/exercises/)

I tut03.thy (~/lehre/FDS/SS18/public/exercises/)

102/ Alternatively, you can write c<declare set_inorder[simp_del]> to el
103 remove it once and forall.

File Browser | 4 | D
5
2

w7/text "For the <sorted_wrt- predicate, you might want to use these lemmas as simp:
10{thm sorted_wrt_append sorted_wrt_Cons

no/text <Show that join preserves the set of entries>

1m1(lemma [simp]: "set_tree (join tl1 t2) = set_tree tl1 U set_tree t2"

12| oops

113 =
dli Dl ]

SeiiosuL [s3e35 | Aovepis | Uonesswnoa | 4[]

106| t—
107jtext "For the <sorted wrt> predicate, you might want to use these lemmas as simp:"
108/ thm sorted_wrt_append sorted_wrt_Cons ]
109
ugtext <Show that join preserves the set of entries»
mﬂemma [simp]: “set_tree (join tl t2) = set_tree tl U set_tree t2" =

112 o

1n4text «Show that joining the left and right child of a BST is again a BST::

116/lemma [simpl: "bst (Node 1 (x::_::linorder) r) = bst (join 1 r)"
17| oops a
[l [v]

SaliosyL [ 21835 [3biepis | Usneruswnooa [ ¢ @)

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

= transp P —
sorted_wrt 7P (?xs @ ?ys) = (sorted_wrt ?P ?xs A sorted_wrt ?P ?ys A (¥xeset ?xs. Vyeset ?ys. ?P x y))
» transp ?P — sorted_wrt ?P (?x # ?xs) = ((Vyeset ?xs. ?P ?x y) A sorted_wrt ?P ?xs)

D]

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

proof (prove)
goal (1 subgoal):
1. set_tree (join tl t2) = set_tree tl U set_tree t2

]

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query | | symbals

[109.1 (3259/5956) (isabelle, isabelle, UTF-B-Isabelle) (i o UG 47MB 1:32 PM

[111.1 (3311/6956) (isabelle,isabelle, UTF--Isabelle) [/ mr o UG 47MB 1:32 PM]
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106|
w7/text "For the <sorted_wrt> predicate, you might want to use these lemmas as simp:
cg{thm sorted_wrt_append sorted_wrt_Cons
109|
mﬂext <Show that join preserves the set of entries>

11|Lemma [simp]l: "set_tree (join tl t2) = set_tree tl U set_tree t2"

a
]
E3
2
&
@

12l oops
113

u4text <Show that joining the left and right child of a BST is again a BST:>

115|

116{lemma [simp]: "bst (Node 1 (x::_::linorder) r) — bst (join 1 r)"

u7 oops .

SolosuL [53e | mepis | Woewewnoa | ¢ [ @]

< D]

‘text "For the <sorted_wrt> predicate, you might want to use these lemmas as simp}:
108/thm sorted_wrt_append sorted_wrt_Cons

File Browser | 4 | B
=)
5]

no[text <Show that join preserves the set of entries> =
111'Leﬂna [simp]l: "set_tree (join tl t2) = set_tree tl U set_tree t2"

112

113]

14text <Show that joining the left and right child of a BST is again a BST:>

119

16l Lemma [simp]: "bst (Node 1 (x::_::linorder) r) —> bst (join 1 r)" I~
« I

[Set080s [=3e35 [ontepis [ uomemwnooa [ ¢ | B)

IProof state [#]Auto update | Update | Search: ~|[roox [+] [¥] Proof state [¥] Auto update | Update |Seamm\ | [roo |+]
proof (prove) = proof (prove) =
goal (1 subgoal): goal (1 subgoal):

1. set_tree (join tl t2) = set_tree tl U set_tree t2 1. set_tree (join tl t2) = set_tree tl U set_tree t2
<« D <1 D
(8]~ [output | query [ siedgenammer | symbols | [B] > [output [ query | sledgehammer [ symbols |
|llU‘l (3260/6956) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 7MB 2 PM‘ ‘111.3 (3313/6952) (isabelle isabelle,UTF-8-sabelle) im0 UG 3/1125MB 1:33 PMl
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8T ggthn join.simps

—| &

g ggldeclare join.simps[simp del]
Z el

ao|text <Both,
91
gzahm set_inorder[symmetric] bst_iff_sorted wrt_less
93
atext <Note: As @{thm [source] set_inorder} is declared as simp.

os| Be careful not to have both directions of the lemma in the simpset at the
o| same time, otherwise the simplifier is likely to loop.

o7

«<set_tree> and <bst> can be expressed by the inorder traversal over trees:>

SsiiosuL [s3e35 | Aoviepis [Uonesswnoa | 4[]

D]

107

109/thm sorted_wrt_append sorted_wrt_Cons
110]
uiftext <Show that join preserves the set of entries>

nzlemma [simp]: "set_tree (join tl t2) = set_tree tl U set_tree t2"
13 apply (simp only: set_inorder[symmetric])

114 apply (simp only: juin_nurder)

ustext «Show that joining the left and right child of a BST is again a BST::

11g/lemma [simp]l: "bst (Node 1 (x::_::linorder) r) = bst (join 1 r)"

10gftext "For the <sorted wrt> predicate, you might want to use these lemmas as simp:

|

SaliosyL [ 21835 [3biepis | Usneruswnooa [ ¢ @)

[+]

= set_tree ?t =
» bst 7t =

set (inorder ?t)
sorted_wrt op < (inorder ?t)

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

D]

proof (prove)
goal (1 subgoal):

1. set (inorder t1 @ inorder t2) = set (inorder t1) U set (inorder t2)

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

]

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query |

| symbols

[82.1 (2595/6552) (isabelle, isabelle, UTF-8-Isabelle) i o UG

5/1125MB 1:34 PM|

[114.26 (3476/7057) (isabelle, i

belle, UTF-8-lsabelle) il o UG 1104MB 1:36 PM|
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m[text <Show that join preserves the set of entries>

nz{lemma [simpl: "set_tree (join tl t2) = set_tree tl U set_tree t2"
us by (simp add: set_inorder[symmetric])

114
us|text <Show that joining the left and right child of a BST is again a BST:>
116|
17/Llemma [simp]l:
118 oops

119|
ao/text <Implement a delete function using the idea contained in the lemmas above.>
21| fun delete "'a::linorder = 'a tree = 'a tree"

122\where

a
]
E3
2
&
@

"bst (Node 1 (x: :linorder) r) = bst (join 1 r)"

<

B Tinftext «<Show that join preserves the set of entries:
—enzlemma [simpl: “"set_tree (join tl t2) = set_tree tl U set_tree t2"
HYIREE by (simp add: set_inorder[symmetricl)
o114
% 1usftext <Show that joining the left and right child of a BST is again a BST:>
1186
17{Llemma [simpl: "bst (Node 1 (x::_::linorder) r) — bst [(join 1 r)f
18] oops
119

aftext <Implement a delete function using the idea contained in the lemmas above. >
2 fun delete "'a::linorder = 'a tree = 'a tree"
1229lwhere

[

SstiosyL [ o315 [ ppiepis | uoneiuewnog [« @)

[»]

[eHosuL [ ow3s [obwepis | uomeweunsea | « [@]

¥ Praof state ] Auto update | Update | search | | [roow [+] IProof state ¢l Auto update | Update | Search: ] [roox [+]
proof (prove) = proof (prove) =]
goal (1 subgoal): goal (1 subgoal):
1. bst (1, x, r) = bst (join 1 r) 1. bst {1, x, r}) = bst (join 1 r)
[l DN 1l DN
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|ll7‘48 (3571/7019) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 104MB 1:36 PM‘ ‘117.54 (3587/7019) (isabelle isabelle, UTF-8-sabelle) im0 UG .04MB 1:37 PM]
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BT nltext <Show that join preserves the set of entries> [<]124 11ftext <Show that join preserves the set of entries> [~ &

; 1u2{lemma [simp]: "set_tree (join tl1 t2) = set_tree tl1 U set_tree t2" % 12{lemma [simp]: "set_tree (join tl t2) = set_tree tl U set_tree t2" %

% 13 by (simp add: set_inorder[symmetric]) 5 13| by (simp add: set_inorder[symmetric]) E

E 114 § 114 g

T us{text <Show that joining the left and right child of a BST is again a BST:> 2 us[text <Show that joining the left and right child of a BST is again a BST:> o

119 o o £l 119 - 7 El

. - . = = Eim . . . = . =/

117 [simp]: "bst (Node 1 (x::_::linorder) r) — bst (join 1 r) z 117 [simp]l: "bst (Node 1 (x::_::linorder) r) = bst (join 1 r) e

us  oops] H s [ops 3]

119| ] 119 ]

10/text <Implement a delete function using the idea contained in the lemmas above.» & 120/text «<Implement a delete function using the idea contained in the lemmas above.: S

121/fun delete :: "'a::linorder = 'a tree = ‘'a tree" El 121fun delete :: “'a::linorder = 'a tree = 'a tree" El

122(where =E 1229lwhere SiE

| o & il v |@

[ Proof state [v] Auto update | Update |Search: [ | [Loo% | [¥] Proof state [#] Auto update | Update |Search: [ v|[oo% |+
< D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols

[118.7 (3585/7018) (isabelle, isabelle, UTF-B-Isabelle) (i o UG 04MB 1:37 PM [118.3 (3591/7019) (isabelle,isabelle, UTF-8-Isabelle) i1 o 04ME 1:38 PM]
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8 Tiftext <Show that join preserves the set of entries: Bl
; nz{lemma [simpl: "set_tree (join tl t2) = set_tree tl U set_tree t2" %
2/ius{ by (simp add: set_inorder[symmetric]) 8
‘g 114 §
Z | usltext <Show that joining the left and right child of a BST is again a BST:» ﬂa:i
11§ 12
n7/lemma [simpl: "bst (Node 1 (x::_::linorder) r) — bst (join 1 r)"
s apply (simp add: bst_iff_sorted_wrt_less del: join_inordern

11|
120/text <Implement a delete function using the idea contained in the lemmas above.>
121 fun delete "'a::linorder = 'a tree = 'a tree"

122{where =
< D

SeLvs L [53%3 [ Pmep

B Tinftext «<Show that join preserves the set of entries: [~ =
—enzlemma [simpl: “"set_tree (join tl t2) = set_tree tl U set_tree t2" =
2/lug by (simp add: set_inorder[symmetricl) 2
@ 5
@114 [}
% 1usftext <Show that joining the left and right child of a BST is again a BST:> 5

114 E

n7lemma [simpl: "bst (Node 1 (x::_::linorder) r) = bst (join 1 r)"

gl apply (simp add: bst_iff_sorted wrt_less del: join_inarder)

119

aftext <Implement a delete function using the idea contained in the lemmas above. >
121/fun delete :: "'a::linorder = 'a tree = 'a tree"

122|where =
[ I

SouoouL [ [oe

IProof state [#]Auto update | Update | Search:

[7] Proof state ] Auto update | Update |Search: ~| oo [+]

proof (prove) =
goal (1 subgoal):
T 1. sorted_wrt op < (inorder 1) A

DN

proof (prove) 1]
goal (1 subgoal):
1. sorted_wrt op < (inorder 1) A
T sorted_wrt op < (inorder r) A (¥xacset_tree 1. xa < x) A (Vxacset_tree r. x < xa) =
sorted_wrt op < (inorder (join 1 r))

DN

sorted_wrt op < (inorder r) A (v¥xacset_tree 1. xa < x) A (Vxacset_tree r. x < xa) —
<«
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

belle,isabelle, UTF-8-Isabelle) o UG /L084MB 1139 PM

[118,56 (3644/7074) (isabelle,isabelle, UTF-g4sabelle) im0 UG f1084ME L:40 PM|

sorted_wrt op < (inorder (join 1 r))
|118‘51 (3649/7074) (i
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103 remove it once and forall.
104>
declare set_inorder[simp del]

File Browser | 4 | D
=)
@

1ws/text "For the <sorted_wrt- predicate, you might want to use these lemmas as simp:
100/ thm sorted_wrt_append sorted_wrt_Cons

mftext <Show that join preserves the set of entries>

1zlemma [simp]: "set_tree (join tl1 t2) = set_tree tl1 U set_tree t2"
13 by (simp add: set_inorder[symmetric])

114|

{1

[v]

[SousouL [swis |soviepis | usneasswnsea] 4 @]

102
103
104
105
10§

Alternatively, you can write <declare set_inorder[simp_del]> to =l
remove it once and forall.
>

declare set_inorder[simp del]

‘text "For the <sorted_wrt> predicate, you might want to use these lemmas as simp:"
thm Eurted_wrt_append sorted_wrt_Cons

‘text «Show that join preserves the set of entries»
lemma [simpl: "set_tree (join t1 t2) = set_tree t1 U set_tree t2"

by (simp add: set_inorder[symmetric]) =
4] D

[Sau0syL [23535 [3piepis [ usneruswnooa [ ¢ [@]

proof (prove)
goal (1 subgoal):
1. bst (1, x, r) = bst (join 1 r)

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

D

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

transp P —
sorted wrt 7P (?xs @ ?7ys) = (sorted wrt ?P ?xs A sorted wrt ?P ?ys A (Vxcset ?xs. Yyeset ?ys. 7P x y))
transp ?P — sorted_wrt ?P (?x # 7xs) = ((Vycset ?xs. ?P ?x y) A sorted_wrt ?P ?xs)

Dl |

il
|8~ [output | query [ sledgenammer | symbols

{1
(8]~ [output | query | | symbals

[108.1 (3166/7057) (isabelle isabelle, UTF--Isabelle) im0 UG

1084MB 1:4

0 PV
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8Thd by (simp add: set_inorder[symmetric]) = B Tiftext «Show that joining the left and right child of a BST is again a BST:: [~ =
; 114 % ; 1186 %
2/ |ustext <Show that joining the left and right child of a BST is again a BST:> 8 ¢ leslemma [simpl: “"bst (Node 1 (x::_::linorder) r) — bst (join 1 r)" 2
% 116 § % gl apply (auto simp add: bst_iff_sorted_wrt_less sorted_wrt_append set_inorderﬁbynmetric] §
i ou7{lemma [simpl: "bst (Node 1 (x::_::linorder) r) — bst (join 1 r)" & || 119 it
1180 apply (auto simp add: bst_iff_sorted_wrt_less sorted_wrt_appenﬂ) Ell 1z0{text <Implement a delete function using the idea contained in the lemmas above.:> El
119 H 121/ fun delete "'ai:linorder = 'a tree = 'a tree" H
120/text <Implement a delete function using the idea contained in the lemmas above.> ; 122lwhere §
121 fun delete "'a:ilinorder = 'a tree = 'a tree" (o 1230 "delete _ _ = undefined" [o]
122 where 3 124 H
1220 "delete _ _ = undefined" El 12s/text <Prove it correct! Note: You'll need the first lemma to prove the second one! » e
124 Sl 1z6lemma [simp]l: "bst t —> set_tree (delete x t) = set_tree t - {x}" =i

< I « D

¥ Praof state ] Auto update | Update | search | ] [roow [+] I Proof state [7lAuto update |_Update | Search: ~|[roo% [+]

proof (prove)

goal (1 subgoal):

1. Axa xaa.
[xa € set (inorder 1); xaa € set (inorder r); sorted_wrt op < (inorder 1);
sorted_wrt op < (inorder r); ¥xacset_tree 1. xa < x; Vxacset_tree r. x < xa]
= Xa < Xaa

DN

proof (prove) 1]
goal (1 subgoal):

1. Axa xaa.
[xa € set (inorder 1); xaa € set (inorder r); sorted_wrt op < (inorder 1);
sorted_wrt op < (inorder r); ¥xacset (inorder 1). xa < x; ¥xaeset (inorder r). x < xa]
— xa < xaa

DN

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

34MB

[118.65 (3653r7079) (isabelle isabelle, UTF-8-Isabelle) (im0 UG
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1 P

[118,80 (3677/7102) (isabelle,isabelle, UTF-84sabelle) 1m0 UG 92/1065MB L:43 PM|
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us{text <Show that joining the left and right child of a BST is again a BST:»

lemma [simp]: "bst (Node 1 (x::_::linorder) r) — bst (join 1 r)"
apply (auto simp add: bst_iff_sorted_wrt_less sorted wrt_append set_inorder[syﬁmetric])

File Browser | 4 |B
=)

1z0/text <Implement a delete function using the idea contained in the lemmas above.»

121(fun delete :: "'a::linorder = 'a tree = ‘'a tree"
122{where
123 “"delete _ _ = undefined"

1s(text <Prove it correct! Note: You'll need the first lemma to prove the second one!
126 lemma [simp]l: "bst t — set_tree (delete x t) = set_tree t - {x}"

Cll

D]

SsiiosuL [s3e35 | Aoveps [Uonesswnooa | 4[]

ns{text <Show that joining the left and right child of a BST is again a BST:>
119

17]lemma [simp]: "bst (Node 1 (x::_::linorder) r) —> bst (join 1 r)"
1 apply (auto simp add: bst_iff_sorted_wrt_less sorted wrt_append set_inorder[symmetric])
19 Qryo

1a1/text «<Implement a delete function using the idea contained in the lemmas above.:

122/ fun delete :: "'a::linorder = 'a tree = 'a tree"
1zslwhere

124 “"delete _ _ = undefined"

125§

126/text ¢«Prove it correct! Note: You'll need the first lemma to prove the second one!

Cll

[Sau0syL [ 23535 [3piepis [ueneruswnooa [ ¢ [@]

Iv]

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

proof (prove) Trying “simp", "auto", "blast", "metis", "argo", "linarith", "presburger", "algebra", "fast", "fastforce", "2
goal (1 subgoal): Try this: by fastforce
1. Axa xaa. (fastforce: 1 ms; force: 12 ms)
[[xa € set (inorder 1); xaa € set (inorder r); sorted_wrt op < (inorder 1);
sorted_wrt op < (inorder r); ¥xacset (inorder 1). xa < x; Vxacset (inorder r). x < xa]]
= Xa < xaa L L
'\ ] il T \ ool ]
|8~ [ output | query | sledgehammer | symbols (8]~ [ output [ query | | symbals
|118‘51 (3669/7102) lisabelle isabelle, UTF-8-Isabelle) I o UG 2/1065MB 1:43 PM\ ‘119.3 (3681/7109) (isabelle,isabelle,UTF-8-Isabelle) im0 UG /1065MB 1:44 PMl
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BT s[text <Show that joining the left and right child of a BST is again a BST:» B BT text <Show that joining the left and right child of a BST is again a BST:» [~ =
; 116| % ; 1186 %
2lonz[Llemma [simpl: "bst (Node 1 (x::_::linorder) r) — bst (join 1 r)" 2 ¢ le7lemma [simpl: "bst (Node 1 (x::_::linorder) r) — bst (join 1 r)" 2
% us apply (auto simp add: bst_iff_sorted_wrt_less sorted_wrt_append set_inorder[symmetric]) § % 1ng apply (auto simp add: bst_iff_sorted_wrt_less sorted_wrt_append set_inorder[symmetric]) §
|19 “64 il %—)v
S s A
121/text <Implement a delete function using the idea contained in the lemmas above.> -y 1211text <Implement a delete function using the idea contained in the lemmas above.> s
122/ fun delete :: "'a::linorder = 'a tree = 'a tree" B 122 fun delete :: "'a::linorder = 'a tree = 'a tree" B
123\ where (o 123\where [o]
124 "delete _ _ = undefined" & 122 "delete _ _ = undefined" S
125] = 125 e
126{text <Prove it correct! Note: You'll need the first lemma to prove the second one! > SIE 126/text <Prove it correct! Note: You'll need the first lemma to prove the second one! » =i
« D < D
IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]
proof (prove) = proof (prove) 1]
goal (1 subgoal): goal (1 subgoal):
1. Axa xaa. 1. Axa xaa.
[xa € set (inorder 1); xaa € set (inorder r); sorted_wrt op < (inorder 1); [xa € set (inorder 1); xaa € set (inorder r); sorted_wrt op < (inorder 1);
sorted_wrt op < (inorder r); ¥xacset (inorder 1). xa < x; Vxaeset (inorder r). x < xa| sorted_wrt op < (inorder r); ¥xacset (inorder 1). xa < x; ¥xaeset (inorder r). x < xa]
— Xa < xaa L = Xa < xaa L
<« D 1l D
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|119‘3(3ESU7109) (isabelle,isabelle, UTF-8-Isabelle) im0 UG /L065MB 5 PM‘ ‘119.7 (3685/7109) (isabelle isabelle, UTF-8-sabelle) im0 UG ‘L085MB 1:45 PM|
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us{text <Show that joining the left and right child of a BST is again a BST:»
116|
u7{lemma [simp]: "bst (Node 1 (x: :linorder) r) — bst (join 1 r)"
us  apply (auto simp add: bst_iff_sorted_wrt_less sorted_wrt_append set_inorder[symmetric])
us| apply fastforce
120 done

121
zzaext <Implement a delete function using the idea contained in the lemmas above. >
o3 fun delete :: "'a::linorder = 'a tree = ‘'a tree"
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124where
1251 "delete _ _ = undefined"
126|
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13| by (simp add: set_inorder[symmetric])
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17{lemma [simp]: "bst (Node 1 (x::

19l apply fastforce
12| done

124lwhere

ustext <Show that joining the left and right child of a BST is again a BST:>

:linorder) r) = bst (join 1 r)"
ns apply (auto simp add: bst_iff_sorted_wrt_less sorted_wrt_append set_inorder[symmetric])

127text «<Implement a delete function using the idea contained in the lemmas above.:
123 fun delete :: "'a::linorder = 'a tree = 'a tree"
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theorem bst (?1, ?x, ?r) = bst (join ?1 ?r)
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proof (prove)
goal (1 subgoal):
1. bst (1, x, r) = bst (join 1 r)
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114
us/text <Show that joining the left and right child of a BST is again a BST:>

u7|lemma [simpl: "bst (Node 1 (x: :linorder) r) — bst (join 1 r)"
us apply (auto simp add: bst_iff_sorted_wrt_less sorted_wrt_append set_inorder[symmetric])
ns| apply fastforce
129 done
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122/text <Implement a delete function using the idea contained in the lemmas above.>
123 fun delete :: "'a::linorder = 'a tree = 'a tree"

124\where

125) "delete _ _ = undefined"
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