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At start, we have Dy ={z— T |z € Vars}.

Example:
(1
| z=7 ¢ 1 QH T}
Neg (z ) : Pos (z > 0) 2 {_’_”_)’ T}
® 3|z T}
| M1 = B; -
(1) 4 {J' — 7}
A 5| Lufe—T={r—T}
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The abstract effects of edges [k]* are again composed to the effects of
paths 7=k ...k by

[7]f = [k)fo...0[k])* :D—D

Abstract Interpretation
Cousot, Cousot 1977

[dea for Correctness:

Establish a description relation A between theconcrete values and
their descriptions with:

zAa; N agCaya — zAas
Concretization: vya={z|zAa}

// returns the set of described values :-)
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The abstract effects of edges [k]* are again composed to the effects of
paths 7=k ...k by:

[x]* = [k J*e...o[k]* :D—D

(1) Values: ACZxZ' X 2% .
zAa iff z=ava=T
X ﬁ)

Concretization:
{a} if aC T \.71' , &-
. va= { , /\ YR
Abstract Interpretation Z il a=T
Cousot, Cousot 1977
Establish a description relation A between theconcrete values and
their descriptions with:
sAay, A agCay =—— xAa
Concretization: ya=Hz|xAa}
//  returns the set of described values -
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(1) Values: ACZxZT (1) Values: ACZxZT
zAa iff z=aVa=T zAa iff z=aVvVa=T
Concretization: Concretization:
{a} if aC T G’ _ i ‘S {a} if aC T
ra= g - 5_ ya=
Z if a=T Z if a=T
(2) Variable Assignments: A C (Vars = Z) x (Vars = Z7),
\A D iff DL A pzC Dz (x€ Vars)
Concretization:
0 it D=1
7D =
{p|Va: (px) A(Dz)} otherwise
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Example:  {r— Ly—=-T} A {z— T,y— T}
~— —— —

(3) States:

A C ((Ivrw‘w—>Z)X(N%Z))XU}H.\—}ZT)L
() AD  iff  pAD

Concretization:
if D=1
7D = / . l
{(p,p) |V : (pxr) A(Dz)} otherwise
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Example: {o—=1Ly—-T Ad{oe—T,y— =7}

(3) States:

A C ((Vars = Z) x N = Z)) x (Vars = Z7),
(p,p) A D iff pAD

Concretization:
if D=1
D= ! o
{(p,p) |V : (pz) A(Dz)} otherwise
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We show:

(x) If sAD and [rx]s isdefined, then:
([x]5) A ([=] D)
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We show:

(<) If sAD and [r]s Iisdefined, then:
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The abstract semantics simulates the concrete semantics

)
In particular:

The abstract semantics simulates the concrete semantics

=)
In particular:
[7]s € v (I7F* D)
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The abstract semantics simulates the concrete semantics
In particular:

[7]s € v ([x]* D)

To prove  (x), we show for every edge % :
[+
KN Lo
In practice, this means, e.g., that Dz = —7 implies:
%) A A
dz = —7 forall geyD ()
—_— M = —7 for (f}l.i) - |["T]] 51 T
_— — — D - D,
- &) J—
Then (x) follows by induction :-)
289
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To prove  (sx), we show for every expression e :

(xxx) ([e]p) A ([e]* D) whenever p A D

W enx

We show:
(«) If sAD and [r]s isdefined, then:

([x]5) A ([=] D)

[~] €D
‘m’ —2 Do

D : D i qgiu?l
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To prove (), we show for every edge % :

Ik
Lo ]

Then (*) follows by induction :-)
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To prove  (#x), we show for every expression ¢ :

(x++) ([c]p) A ([e]*D) whenever pA D
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To prove  (sx), we show for every expression e :

(xxx) ([e]p) A ([e]* D) whenever p A D

To prove (s * %), we show for every operator 0 :

(xOy) A (af Oy whenever = A 2" Ay A yf
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To prove  (x). we show for every expression e :

(%) ([e]p) A ([e]* D) whenever pA D

To prove (= =), we show for every operator 0 :

(x0y) A (zFO%yh whenever z A 2 Ay Ay

This precisely was how we have defined the operators OF  :-)
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Now, (#%) is proved by case distinction on the edge labels  /ab .

Let s=(p,pu) A D.Inparticular, L #D : (Vars — Z}
Case [z =¢;]:

p = pa{e=ldp mo o= p
D, = D&{zw []D}

S (p1, 1) A Dy
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To prove  (#x), we show for every expression ¢ :

(x++) ([c]p) A ([e]*D) whenever pA D

To prove  (* * %), Wwe sitew for every operator O :

(xOy) A (T whenever z A 2 Ay A o




Now, (##) is proved by case distinction on the edge labels /ab. Now, (=) is proved by case distinction on the edge labels /ab.
Let s=(p,pu) A D .Inparticular, L #£D : Vars =77 Let s=(p,p) A D .Inparticular, | #D Vars — 7.7
Case : Case [r=r¢|:
6; = po{zr [l p} @: 1t = pafr o= p
(D) = Defs—[]'D) D, = DJP{JH-
— (p1y 1) A Dy — (p1s 1) A Dy 9‘ x>
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Case
D = p@{z =]’ L o=
n Pt k—ﬂ;l_ﬂi fh ' Case [Neg(e)|: (p1s p01) where
D, = D%}{.:-H‘T‘}
0 = [elp
— (1. 1) & Dy A [e]*D
—
— 0 C []fD
Case |Mley] = ey — 1 # D, =D
= (p1.n) A D
1 = p o = p&{ledte— [e]'p}
-
o =T

(p1.pt1) A Dy
e
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Case |Pos(e)|: (p1, ) =5  where: Case |Pos(e)|: (p1, 1) = s where:
0 # [elp 0 # [ep
A ![[,]]uD' A [e]FD
= 0 # [e]*D — 0 £ [¢]*!D
— L £ Di=D —— L £ Dy =D
— (p1, 1) A D, — (p1. 1) A D,
_________—’
- )
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We conclude: The assertion (%) istrue :-)) We conclude: The assertion (%) is true :-))

The MOP-Solution:
Dl = u{ﬂﬁﬂu D+ | m: start =% v}

where Drx=T (z € Vars) .
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The MOP-Solution:
D] = |_|{[[?r]]tl D+ | 7 start =" v}
where Draz=T (z € Vars).

By |(*).'we have for all initial states and all program executions
7m whichreach wv:

([7]s) A (D[v])
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We conclude: The assertion (%) istrue :-))

The MOP-Solution
D] = I_I{H’K]]u D+ | 7 : start =% v}
where Drx=T (x € Vars) .

By (x), we have for all initial states and all program executions
m  whichreach wv:

(Ir]s) A (D*[v])

In order to approximate the MOP, we use our constraint system :-))

We conclude: The assertion (%) is true :-))

The MOP-Solution
D] = I_l{[[ﬁ]]ﬁ D+ | m: start =% v}
where Drx=T (zx € Vars).

By (%), we have for all initial states and all program executions
7w  whichreach wv:

([=l5) A (D*[v])

In order to approximate the MOP, we use our constraint system :-))
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4. Y =10
Example: Example:
\/—\ \\/‘\
‘.\0/' 1 !_\O/.‘ 1 5
I r= 10 l_r =10 |
L Y y ) Yy
e -l-\" ."/-l- )
Ny 0| T|T Ny 0T T T|T
l;::l Al + ;"’=1 1| T|w0]T
) 2( 10| 1 (e oflwo]1 || T
lea(x > 2os(x > leg(z > 1) os(x > -
Neg(. y\‘,/l/"\\f_‘j“ > 1 3([10] 1 Ble 2 V \{‘f % slfo] 1| T|T
50 2 (e 2
®) (3) 4l 10] 10 L8 &) alfof1o] T|T
M[R] = ”:.L Ii\’ I 50 910 Uy ‘i\' S sllofw] T|T % T Xz e
(7) 7 6l L N 6 L T|T
N ;, —z—1 ;‘ =x — 1;
(5) [ (B oL | T|T v
\Jé 2
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Example:

0 1 2 3
r = 10:
I 10; I ‘ 1y I 1y r|ly
1)
Ny O T | THTI|T
l-‘":‘: tw|TwlT
() oflwl1|| 7|7
) Yos(z >
,_y \\E‘_’“ > 1) sffw| || 7|7
ey 2
(6) €)) affwlwo| 77| dito
M[R] =y; I /i\fﬁ =T *Y; sllolwol |+
o (4)
€ N 6 1 TI|T
Nt/ ;' =x — 1
— 0oL T
[l
A
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Conclusion:

Although we compute with concrete values, we fail to compute
everything :-(
The fixpoint iteration, at least, is guaranteed to terminate:

For \r\program points and m  variables, we maximally need:
n-(m+1) rounds :-)

Caveat:

The effects of edge are not distributive !!!

Conclusion:

Although we compute with concrete values, we fail to compute
everything :-(
The fixpoint iteration, at least, is guaranteed to terminate:

For n program points and sm variables, we maximally need:
n-(m+1) rounds :-)

Caveat:

The effects of edge are not distributive !!!

Conclusion:

Although we compute with concrete values, we fail to compute
everything :-(
The fixpoint iteration, at least, is guaranteed to terminate:

For n program points and m variables, we maximally need:
n-(m+1) rounds :-)

Caveat:

The effects of edge are not distributive !!!




We conclude:

Counter Example: f = [z=x+y]f
e —
The least solution D of the constraint system in general yields only an
upper approximation of the MOP, i.e.,
D v] T Dlv]
Let Dy, = {z— 2,9y~ 3}
—— e s
Dy = {r—3y—2}
Danmn fDyUfDy = {o—=5y—=3tU{r—5y—2}
— et
— . =4
MC)PL = {z—=5y—=T}
#+ {z H'Ll y 0—>I}
= flz=T.y=T}
A ALEY LAy
= f(DiUDy)
] ——
T 7(t
C 306 307
We conclude: Transformation 4; Removal of Dead Code
The least solution D of the constraint system in general yields only an I N ~ N
( see | ( | ese| )
upper approximation of the MOP, i.e., ~ ~
\ Dlu] = L
D] C Dl \,_/
& b — & ——)
A, ) / ¢\ L
( \'\---’/ -\'\ ‘/-\u T ) |/ B
As an upper approximation, D[v] nonetheless describes the result of N _ NN
every program execution 7 which reaches v : d_ L
(I7] (o, 1)) A (D))
- o
whenever 7] (p, ) is defined :-)) v [lab]*(Dlu]) = L N
lab L
TN TN
. /‘ L\ e
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Transformation 4 (cont.): Removal of Dead Code

L =£Du=D
(u) [ D=0 (u)

L Neg (e) — l,
oy )
L/ L/

1L #Dul=D
(u) [e]D & {0, T} (w)
/;\F)()s () —) j\ _,
310

Transformation 4 (cont.): Simplified Expressions
L #Dul=D
TN ./'7‘\I
® [P D=c @
T —=e; r =
¢ ¢ —) ¢ r=cp
@) )
) )
311

Extensions:

e Instead of complete right-hand sides, also subexpressions could be
simplified:

T % 0
r*xl — x
—— w—
r+0 = 1z
T+ z
r—0 —— 2z
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So far, the information of conditions has not yet be optimally

exploited:
if (x==71 v

y=x+3;
"1{_1__-'
Even if the value of =z before the if statement is unknown, we at

least know that = definitely has the value 7 — whenever the
then-part is entered -

Therefore, we can define:
if [r== r]]uQ 1

|[])(:,- (x == ¢ l]: D= _J7 if [r=——¢lfD=0

D, otherwise

IS

where

Dy = D® {z+~ (Dz N[ D)}




Extensions:
PRES I
e Instead of complete right-hand sides, also )é)gnressmn?cou{d e

= ool ¥ ==

simplified:

(e3P = T

... and further simplifications be applied, e.g.:
11 my pplied —T- = :,ﬁ._ ’:])_ \
s

JC — U )
=T

r—0 = =z — ;Z

The effect of an edge labeled Neg (x £ ¢) is analogous  :-)
p— -

Our Example:

The effect of an edge labeled Neg (z # ¢) isanalogous :-)

Our Example:
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The effect of an edge labeled

Our Example:

/0
(
Neg (t ==7) / ‘"‘\\Pu% (r==T) Neg (x ==7) / \\P()R (r==T7
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Neg(x #¢e) isanalogous :-)




The effect of an edge labeled Neg (x # ¢) isanalogous :-) The effect of an edge labeled Neg (x £ ¢) is analogous  :-)

Our Example: Our Example:

N N
3 3)
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Example:
1.5 Interval Analysis : , s /
? aly for (i = 0;i < 42;i++) Z
i i if (0<ini<42){
Observation: .
A =A+1; P
e  Programmers often use global constants for switching debugging M[A)] = é;
code on/off. }
_— // A start address of an array
Constant propagation is useful - // if the array-bound check
e In general, precise values of variables will be unknown — perhaps,
however, a tight interval !!! Obviously, the inner check is superfluous  :-)
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Thus:

Idea 1:
Determine for every variable 2 an (as tight as possible :-) interval of ; ; Al
possible values: [ ] Uk, ug] = [k, w1 U wg]
I=A{[lu]|le ZU{—c},ue ZU {+oc},l <u}
e —_
Partial Ordering: [
¢,
[, ua] T [l uo) iff L <h Auy <u 1\ h il
L——&A,———é ):
l ly Uy
1 Uy )
;:' !
Iy / (\u
319 320
Thus: Caveat:
— [ isnot a complete lattice :-)
i
o] U [loyus] = [y Mo, 2y Ui — I has infinite ascending chains, e.g.,

[Ty, wy] T {12, us) (LUl uyMug]  whenever (I3 Uly) < (ug Mug)

I U

—
Uy

L
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nocolc[-L,c[-L2c...

322




Caveat:

— [ isnotacomplete lattice :-)

— I has infinite ascending chains, e.g.,

o colcl-11c[-1.2c...

ol (1)
1

K= K

Caveat:
— [ isnotacomplete lattice :-)

— [ has infinite ascending chains, e.g.,

nocolcl-1Ycl-L2c...

Description Relation:

z Al u iff [<z<u

/ Concretization:
[C; vLul={z€Z|l<z<u}
5] (.
o) Lo 1], o7
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Example: Caveat:
+0,7] = {0,..., 7} — [ isnot a complete lattice :-)
7[0,00] = {0,1,2 1 — T has infinite ascending chains, e.g.,
nocolc[-L,c[-L2c...
Interval Arithmetic :-) Description Relation:
Addition: 2 Al ] iff  I<z<u
[T1, ui] + [l2,uz2] = [l + 12, us + ug) where Concretization:
et = oo Yllul={z€Z|l<z<u}
+oo+_ = +o0

// —oo+ oo cannot occur -

324

323




